ON THE COHOMOLOGY AND THE CHOW RING 
OF THE CLASSIFYING SPACE OF PGL P 



ANGELO VISTOLI 

Abstract. We investigate the integral cohomology ring and the Chow 
ring of the classifying space of the complex projective linear group PGL P , 
when p is an odd prime. In particular, we determine their additive 
structures completely, and we reduce the problem of determining their 
multiplicative structures to a problem in invariant theory. 
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1. Introduction 

Let G be a complex linear group. One of the main invariants associated 
with G is the cohomology Hj^ of the classifying space BG. B. Totaro (see 
Tot92]) has also introduced an algebraic version of the cohomology of the 
classifying space of an algebraic group G over a field k, the Chow ring Aq of 
the classifying space of G. When k = C there is a cycle ring homomorphism 
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— > Hg. Chow rings are normally infinitely harder to study than coho- 
mology; it remarkable that, in contrast, A G seems to be better behaved, and 
easier to study, than H G . For example, when G is a finite abelian group, 
is the symmetric algebra over Z of the dual group G; while the cohomology 
ring contains this symmetric algebra, but is much more complicated (for 
example, will contain elements of odd degree), unless G is cyclic. 

This ring A G has also been computed for G = GL n , SL n , Sp n by Totaro 
( |Tot99j ) . for G = O n and G = S02n+i by Totaro and R. Pandharipande 
f |Tot99j and |Pan98p . for G = S0 2n by R. Field f |Fie04j), and for the 
semisimple simply connected group of type G 2 by N. Yagita ( Yag05 ). Also, 
a lot of work has been done on the case of finite groups, by Totaro himself and 
by Guillot (plui04a and |Gui04b| ) . However, not much was known for the 
PGL n series. Even the cohomology of BPGL n was mysterious. Algebraic 
topologists tend to work with cohomology with coefficients in a field, the case 
in which their extremely impressive toolkits work the best. When p does not 
divide n, the cohomology ring H*(B PGL n , Z/pZ) is a well understood poly- 
nomial ring. Also, since PGL2 = SO3, the ring H*(B PGL2, Z/2Z) is also 
well understood. The other results that I am aware of on H*(B PGL n , Z/pZ) 
that were known before this article was posted are the following. 

(1) In |KMS75j . the authors compute H*(B PGL 3 , Z/3Z) as a ring, by 
presentations and relations. 

(2) The ring H* (BPGL n ,Z/2Z) is known when n = 2 (mod 4) ( |KM7R| 
and HE3E2). 

(3) Some interesting facts on H*(B PGL p , Z/pZ) are proved in [YV03 . 

On the other hand, to my knowledge no one had studied the integral 
cohomology ring H PGL . 

In the algebraic case, the only known results about Ap GL , apart from the 
case of PGL2 = SO3, concern PGL3 and were proved by Vezzosi in [VezOO . 
Here he determines almost completely the structure of Ap GLa by generators 
and relations; the only ambiguity is about one of the generators, denoted by 
X and living in A PGIj3 , about which he knows that it is 3-torsion, but is not 
able to determine whether it is 0. This x maps to in the cohomology ring 
H PGIj3 ; according to a conjecture of Totaro, the cycle map Ap GL3 — ► Hp GLa 
should be injective; so, if the conjecture is correct, x should be 0. 

Despite this only partial success, the ideas in VezOO are very important. 
The main one is to make use of the stratification method to get generators. 
This is how it works. Recall that Edidin and Graham (,EG98j) have gen- 
eralized Totaro's ideas to give a full-fledged equivariant intersection theory. 
Let V be a representation of a group G; then we have A G = Aq(V). Sup- 
pose that we have a stratification Vq, ■ ■ ■ , Vt of V by locally closed invariant 
subvarieties, such that each V<j = f C\j<iVj is open in V, each Vi is closed in 
V<i, and Vt = V \ {0}. If we can determine generators for Aq(V) for each 
i, then one can use the localization sequence 

A* G (Vi) — » A* G (V<i) — » A^(%_i) — » 
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and induction to get generators for A G (V \ {0}); and since A G (V \ {0}) = 
A G I (c r (y)), where c r (V) G A r G is the r th Chern class of V, we obtain that 
Aq is generated by lifts to A G of the generators for Aq(V\{0}), plus c r (V). 

The stratification methods gives a unified approach for all the known 
calculations of Aq for classical groups (see (MV05 ) . 

Vezzosi applies the method to the adjoint representation space V = sis 
consisting of matrices with trace 0. The open subscheme Vo is the subscheme 
of matrices with distinct eigenvalues; its Chow ring is related with the Chow 
ring of the normalizer N3 of a maximal torus T PG l p in PGL3. In order to 
get relations, Vezzosi uses an unpublished result of Totaro, implying that 
the restriction homomorphism A PGLa — * Aj^ 3 is injective. The reason why 
he is not able to determine whether x is or not is that he does not have a 
good description of the 3-torsion in Aj^ 3 . 

In this paper we refine Vezzosi's approach, and extend it to the case of 
PGLp, where p is an odd prime. 

Let TpQLp be the standard maximal torus in PGL p , consisting of classes 
of diagonal matrices, N p its normalizer, S p = N p /T PG l p its Weyl group. 
Here are our main results (see Section El for details). 

(1) The natural homomorphism A^ pGL — > (A^ pGL ) Sp is surjective, and 

has a natural splitting (A TpGL ) Sp — > A^ pGL , which is a ring homo- 
morphism. 

(2) The ring A PGLp is generated as an algebra over (A^ pGL ) Sp by a 
single p-torsion element p G A pG L p j we also describe the relations. 

(3) The ring H PGLp is generated as an algebra over (A^ pGL ) Sp by two 
elements: the image p G HpQ^ of the class above and the Brauer 
class G H PGL?) ; we also describe the relations. 

(4) Using (j2J and © above, we describe completely the additive struc- 
tures of Ap GLp and H PGLp . 

(5) For p = 3 we give a presentation of (A^ pGL ) Sa by generators and 

relations (this is already in |Vez00| ) : and this, together with (j2J and 
(J2J) above, gives presentations of A PGL;j and H PGL;j , completing the 
work of jVezOOj . 

(6) The cycle homomorphism A PGLp — ► Hf,^;^ into the even-dimensional 
cohomology is an isomorphism. 

The ring (A TpGL ) Sp is complicated when p > 3; see the discussion in 
Section d 

The class p in (J2J) seems interesting, and gives a new invariant for sheaves 
of Azumaya algebras of prime rank (Remark II 1.3J) . In Tar05], Elisa Targa 
shows that p is not a polynomial in Chern classes of representations of PGL p . 

Many of the ideas in this paper come from "\ c/00j ■ The main new contri- 
butions here are the contents of Sections 6 and 7 (the heart of these results 
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are Proposition 16.11 and the proof of Lemma 16.5)1 , which substantially im- 
prove our understanding of the cohomology and Chow ring of the classifying 
space of N p , and Proposition IIP, ll which gives a way of showing that in the 
stratification method no new generators come from the strata correspond- 
ing to non-zero matrices with multiple eigenvalues, thus avoiding the painful 
case-by-case analysis that was necessary in [VezOOj . 

Recently I received a preprint of M. Komeko and N. Yagita ( KN05 ) who 
also calculate the additive structure of Hp GLj) , with completely different 
methods. 

Acknowledgments. I would like to thank Nitin Nitsure and Alejandro 
Adem for pointing out references KM75 , Tod8£| and |VV03| to me. 

I am also in debt with Alberto Molina, who discovered a serious mistake 
in the proof of Theorem 13.21 given in a preliminary version of the paper, and 
with Marta Morigi, who helped me fix it. 

Finally, I would like to acknowledge the very interesting discussions I have 
had with Nobuaki Yagita and Andrzej Weber on the subject of this paper. 

2. Notations and conventions 

All algebraic groups and schemes will be of finite type over a fixed field 
k of charateristic 0. Furthermore, we will fix an odd prime p, and assume 
that k contains a fixed p til root of 1, denoted by u>. When k = C, we take 
u = e 27ri /P. 

The hypothesis that the characteristic be is only used in the proof 
Theorem 19.31 which should however hold over an arbitrary field. If so, it 
would be enough to assume here that the characteristic of k be different 
from p. 

Our main tool is Edidin and Graham's equivariant intersection theory 
(see |KG98| 1. which works over an arbitrary field; when we discuss coho- 
mology, instead, we will always assume that k = C. All finite groups will 
be considered as algebraic groups over k, in the usual fashion. We denote 
by G m the multiplicative group of non-zero scalars over k, \x n the algebraic 
group of n th roots of 1 over k. 

Whenever V is a vector space over k, we also consider it as a scheme over 
k, as the spectrum of the symmetric algebra of the dual vector space V v . If 
V is a representation of an algebraic group G, then there is an action of G 
on V as a scheme over k. 

We denote by Tgl p > Tsl p and Tpgl p the standard maximal tori in the 
respective groups, those consisting of diagonal matrices. We identify the 
Weyl groups of these three groups with the symmetric group S p . We also 
denote the normalizer of Tpgl p in PGL p by S p x Tpql p - 

If at, . . . , dp are elements of k*, we will denote by [a±, . . . , a p ] the diagonal 
matrix in GL p with entries ai, . . . , a p , and also its class in PGL p . In general, 
we will ofter use the same symbol for a matrix in GL p and its class in PGL P ; 
this should not give rise to confusion. 



ON THE CLASSIFYING SPACE OF PGL 
It is well known that the arrows 



A GLp — (A Tgl >, H^^A? " 



and 



AsL P ^(A TsLp ) S ^, H^ Lp ^(A^ SLp ) s P 



induced by the embeddings Tql p ^ GL p and Tsl p ^ SL P are isomor- 
phisms. If we denote by X{ G A^ GL = H^ GL the first Chern class of 

the i th projection Tql p — ► G m , or its restriction to Tsl p , then A^ gl = 

H Tgl is the polynomial ring Z[xi, . . . , x p ], while A^ gL = H TgL equals 

Z[xi, . . . , x p ]/ (xi + • • • + x p ). If we denote by a±, . . . , a p the elementary 
symmetric functions in the Xj, then we conclude that 

A GL P = H GL P = Z[(7i, . . . ,<7 p ] 

while 

A SL P = H SL P =Z[<7i,...,(7p]/(<7i) =Z[CT 2 ,...,(7p]. 

The ring A To „ T = H To „ T is the subring of AS. generated by the 

PGLp PGLp GLp 

differences Xj — Xj. In particular it contains the element S = Yli^j( x i ~ x j)i 
which we call the discriminant (up to sign, it is the classical discriminant); 
it will play an important role in what follows. 

We will use the following notation: if R is a ring, t\, . . . , t n are elements 
of R, /i, . . . , f r are polynomials in Z[xi, . . . , x n ], we write 

R = Z[ii, . . . , t n ]/ (fi(h, . . . , t n ), . . . , f r (h, • • • , t n )) 

to indicate the the ring R is generated by t\, . . . , t n , and the kernel of the 
evaluation map Z[xi, . . . , x n ] — > i? sending Xj to ij is generated by f±, . . . , f r . 
When there are no fi this means that R is a polynomial ring in the tj. 

3. The main results 

Consider the embedding fi p Tpql p defined by Q i— > [£, C 2 > • • • > C p_1 > !]• 
This induces a restriction homomorphism 

A t PGLp - A ^ = ZfoJ/to), 

where 77 is the first Chern class of the embedding /x p C G m . 

The restriction of the discriminant 5 £ (A^ p ~^ ) s p to /i p is the element 



H(iV-jv) = (l[{i-j))r?- p 



2 

of Z [77] /(pry); this is non-zero multiple of rf ~ p (in fact, it is easy to check 

2 

that it equals — rf _p ). 
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Proposition 3.1. The image of the restriction homomorphism 

2 

is the subring generated by rf ~ p . 

This is proved at the end of Section 
Theorem 3.2. There exists a canonical ring homomorphism 

( A T PGLp ) Sp A PGL P 

whose composite with the restriction homomorphism A PGLp — ► (A^ pGL ) Sp 
is the identity. 

This is proved in Section IT2l 

As a consequence, A PGLp and H PGL ^ can be regarded as (A^ pGL ) p - 
algebras. 

Theorem 3.3. The (A^ pGL ) p -algebra A PGLp is generated by an element 
p G A pG ^ , and £/ie idea? o/ relations is generated by the following: 

(a) pp = 0, and 

(b) pu = for all u in the kernel of the homomorphism (A^ pGL ) Sp — > A^ 



p 



There is a similar description for the cohomology: besides the element 
p, now considered as living in Hj^ 2 , we need a single class (3 in degree 
3. This class is essentially the tautological Brauer class. That is, if we 
call C the sheaf of complex valued continuous functions and C* the sheaf of 
complex valued nowhere vanishing continuous functions on the classifying 
space BPGLp, the tautological PGL p principal bundle on BPGL P has a 
class in the topological Brauer group H 2 (BPGL p ,C*)t or s (see |Gro68aj ). On 
the other hand, the exponential sequence 

— >Z^C — >C* — ► 1 
induces a boundary homomorphism 

H 2 (BPGL P ,C*) — H 3 (BPGL P ,Z) = H PGLp , 
which is an isomorphism, since BPGL p is paracompact, hence 

ff(BPGL p ,C) = 

for all i > 0. Our class (5 is, up to sign, the image under this boundary 
homomorphism of the Brauer class of the tautological bundle. 

Theorem 3.4. The ring H PGLp is the commutative (At pgl ) Sp -algebra gen- 
erated by an element f3 of degree 3 and the element p of degree 2p + 2. The 
ideal of relations is generated by the following: 

(a) f3 2 = 0, 

(b) pp = pf3 = 0, and 
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(c) pu = (3u = for all u in the kernel of the homomorphism (A T L ) p — ► 
A* 

A /V 

Corollary 3.5. The cycle homomorphism induces an isomorphism q/A PGL 
mttH^ n Lp . 

From here it is not hard to get the additive structure of A PGL and H PGL . 
For each integer m, denote by r(m,p) the number of partitions of m into 
numbers between 2 and p. If we denote by ir(m,p) the number of partitions 
of m with numbers at most equal to p (a more usual notation for this is 
p(m,p), which does not look very good), then r(m,p) = ir(m,p)—ir(m—l,p). 

We will also denote by s(m, p) the number of ways of writing m as a linear 
combination (p 2 — p)i + (p + with i > and j > 0; and by s'(m,p) the 
number of ways of writing m as a the same linear combination, with i > 
and j > 0. Obviously we have s'(m,p) = s(m,p), unless m is divisible by 
p 2 — p, in which case s'(m,p) = s(m,p) + 1. 

Theorem 3.6. 

(a) The groups Ap GLj) is isomorphic to 

Z r(m,p) e (Z/ p zy(m,p)_ 

(b) The group HpQ L is isomorphic to Apg^ when m is even, and is iso- 
morphic to 

(z/pzf^*) 

when m is odd. 

When p = 3 we are able to get a description of A PGL3 and H PGLa by 
generator and relations, completing the work of |Vez00| . 

Theorem 3.7. 

(a) Ap GL3 is the commutative Z- algebra generated by elements 72, 73, 5, p, 
of degrees 2, 3, 6 and 4 respectively, with relations 

275-(47 2 3 +7 3 2 ), Sp, 72/9 , 73 p. 

(b) H PGLa is the commutative Z-algebra generated by elements 72, 73, 5, p 
and (3 of degrees 4, 6, 12 ; 8 and 3 respectively, with relations 

275-(47 2 3 + 7 !), Sp, 3/3, (3 2 , l2 p, 73 p, 72A 7s/3- 

The rest of the paper is dedicated to the proofs of these results. We start 
by recalling some basic facts on equivariant intersection theory. 

4. Preliminaries on equivariant intersection theory 
In this section the base field k will be arbitrary. 

We refer to |Tot99j . |E(t98| and |Vez0f)| for the definitions and the basic 
properties of the Chow ring A^ of the classifying space of an algebraic group 
G over a field k, and of the Chow group Aq(X) when X is a scheme, or 
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algebraic space, over k on which G acts, and their main properties. Almost 
all X that appear in this paper will be smooth, in which case A* G {X) is a 
commutative ring; the single exception will be in the proof of Lemma 16.51 

The connection between these two notions is that A G = A G (Spec k). 

Recall that A G (X) is contravariant for equivariant morphism of smooth 
varieties; that is, if / : X — ► Y is a G-equivariant morphism of smooth G- 
schemes, there in an induced ring homomorphism /* : A G (X) — ► A G (Y). 

If k = C, and X is a smooth algebraic variety on which G acts, there is 
a cycle ring homomorphism A G (X) — ► H G (X) from the equivariant Chow 
ring to the equivariant cohomology ring; this is compatible with pullbacks. 

Furthermore, if / is proper there is a pushforward /* : A G (Y) — > A G (X); 
this is not a ring homomorphism, but it satisfies the projection formula 

for any £ 6 A G (X) and rj G A G (Y"). 

When Y" is a closed G-invariant subscheme of X and we denote by t : Y" 
X the embedding, then we have a localization sequence 

A G (Y) A* G (X) A* G (X \ Y) > 0. 

The analogous statement for cohomology is different: here the restriction 
homomorphism H^.(X) — ► Hq(X\Y") is not necessarily surjective. However, 
when X and Y are smooth we have a long exact sequence 



>ff G - 1 (x\y) 




where r is the codimension of Y in X. 

Furthermore, if H — > G is a homomorphism of algebraic groups, and G 
acts on a smooth scheme X, we can define an action of H on X by com- 
posing with the given homomorphism H — > G. Then we have a restriction 
homomorphism 

resg: A* G (X) — > AfcpQ. 

Here is another property that will be used often. Suppose that H is an 
algebraic subgroup of G. We can define a ring homomorphism A G (G/H) — * 
Afl by composing the restriction homomorphism A* G {G/H) — > A* H (G/H) 
with the pullback A* H (G/H) — > A^(SpecA;) = A^ obtained by the homo- 
morphism Spec A; G/H whose image is the image of the identity in G(k). 
Then this ring homomorphism is an isomorphism. 

More generally, suppose that H acts on a scheme X. We define the 
induced space G x H X as usual, as the quotient (G x X) /H by the free right 
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action given by the formula (g,x)h = (gh,h~ 1 x). This carries a natural 
left action of G defined by the formula g'(g,x) = (g'g,x). There is also 
an embedding X ~ H x H X G x H X that is -ff-equi variant: and the 
composite of the restriction homomorphism A G (G x h X) — ► A* H (G x H X) 
with the pullback A* H {G x H X) ^ A* H (X) is an isomorphism. 

Furthermore, if V is a representation of G, then there are Chern classes 
Ci(V) £ Aq, satisfying the usual properties. More generally, if X is a smooth 
scheme over k with an action of G, every G-equivariant vector bundles E — ► 
X has Chern classes Ci(E) G Ag(X). 

The following fact will be used often. 

Lemma 4.1. Let E — > X be an equivariant vector bundle of constant rank 
r , s: X ^ E the 0-section, Eq <Z E the complement of the 0-section. Then 
the sequence 

A* G (X) A* G (X) — A* G (E ) — > 0, 

where the second arrow is the pullback along Eq —* Spec A:, is exact. 
Furthermore, when k = C we also have a long exact sequence 




-rri-2r+l 

G 

Proof. This follows from the following facts: 

(1) the pullbacks A* G (X) -» A* G (E) and H&(X) -> H^(£) are isomor- 
phisms, 

(2) the self-intersection formula, that says that the homomorphisms 
s*s*: A* G (X) -» A^(X) and : H£(X) -» H£(X) are multi- 
plication by c r (E), and 

(3) the localization sequences for Chow rings and cohomology. 4k 

Let us recall the following results from Tot99 . 

(1) If T = G 1 ^ is a torus, and we denote by X{ G the first Chern class 
of the i th projection T — ► G m , considered as a representation, then 

A^ = 1*[xi, . . . , x n \. 

(2) If Tgl„ is the standard maximal torus in GL n consisting of diag- 
onal matrices, then the restriction homomorphism Aq l?j — > A^ GL 
induces an isomorphism 

A* GLn ^Z[x 1 ,...,x n f- 
= Z[<7i, . . . , cr n ] 



10 



ANGELO VISTOLI 



where the o~i are the elementary symmetric functions of the x$. 

(3) If Tsl„ is the standard maximal torus in SL n consisting of diagonal 
matrices, and we denote by X{ the restriction to A SL of Xi £ Aq L , 
then we have 

A T SLn = • • • 

furthermore the restriction homomorphism Ag Ljj — > A^ gL induces 
an isomorphism 

A* SLn ^(Z[x 1 ,...,x n ]/(a 1 )f n 

= Z[<T 1 ,a 2 , ■ ■ .,<T n ]/((7l). 

(4) If t £ A^ is the first Chern class of the embedding fi n ^ G m , 
considered as a 1-dimensional representation, then we have 

A*^ = Z[t](nt). 

Furthemore, if G is any of the groups above and k = C, then the cycle 
homomorphism Aq — ► H^, is an isomorphism. 

The following result is implicit in |Tot99j . Let G be a finite algebraic 
group that is a product of copies of /x n , for various n. This is equivalent 
to saying that G is a finite diagonalizable group scheme, or that G is the 
Cartier dual of a finite abelian group V, considered as a group scheme over k. 
By Cartier duality, we have that T is the character group G = Hom(G, G m ). 

Proposition 4.2. Consider the group homomorphism G — * Aq that sends 
each character x- G — > G m into c\(x)- The induced ring homomorphism 
Sym z G — * A G is an isomorphism. 

A more concrete way of stating this is the following. Set 

G = Mm X • • • X H Hr . 

For each i = 1, . . . , n call Xi the character obtained by composing the i th 
projection G — > with the embedding //„. G m , and set £j = ci(xi) £ 
A^. Then 

A G = • • • ! CrJ/falfr, • • • , n r i r ). 

Proof. When G = fj, n , this follows from Totaro's calculation cited above. 
The general case follows by induction on r from the following Lemma. 

Lemma 4.3. If H is a linear algebraic group overk, the ring homomorphism 

A^®zA* n ^A^ XMn 

induced by the pullbacks A* H — > A^ x/X and A^ — > A^ x along the two 
projections H x /x n — > H and H x — * /x n zs an isomorphism. 

Proof. This follows easily, for example, from the Chow-Kiinneth formula in 
|Tot991 Section 6], because /x p has a representation V = k n on which it acts 

by multiplication, with an open subscheme U = V \ {0} on which it acts 
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trivally; and the quotient U/fi p is the total space of a G m -torsor on P n , 
and, as such, it is a union of open subschemes of affine spaces. 

It is also not hard to prove directly, as in |MV05| . 4 

There is also a very important transfer operation (sometimes called in- 
duction). Suppose that H is an algebraic subgroup of G of finite index. The 
transfer homomorphism 

tsfg : — 

(see |VezflOj ) is the proper pushforward from A^ ~ A* G {G/H) to A^.(Spec k) = 

A* 
G" 

This is not a ring homomorphism; however, the projection formula holds, 
that is, if £ € A* G (X) and rj £ A* H (X), we have 

tsff (£-resg rj) = £ • tsf g r? 

(in other words, tsf G is a homomorphism of Aj^(X)-modules). 

We are going to need the analogue of Mackey's formula in this context. 
Let H and K be algebraic subgroups of G, and assume that H has finite 
index in G. We will also assume that the quotient G/H is reduced, and 
a disjoint union of copies of Spec A; (this is automatically verified when k 
is algebraically closed of characteristic 0). Then it is easy to see that the 
double quotient K\G/H is also the disjoint union of copies of Specfc. Fur- 
thermore, we assume that every element of {K\G / H){k) is in the image of 
some element of G{k). Of course this will always happen if k is algebraically 
closed; with some work, this hypothesis can be removed, but it is going to 
be verified in all the cases to which we will apply the formula). 

Denote by C a set of representatives in G(k) for classes in {K\G / H){k). 
For each s £ C, set 

K s = K n sHs- 1 C G. 

Obviously K s is a subgroup of finite index of K; there is also an embedding 
K s ^ H defined by k i— ► s~ l ks. 

Proposition 4.4 (Mackey's formula). 

res| tsf % = tsf f resg s : A^ — A^ . 
sec 

Proof. This is standard. We have that the equivariant cohomology rings 
A* G {G/H) and A* G {G/K) are canonically isomorphic to A^ and A* K , re- 
spectively. The retriction homomorphism A* G — * A^- corresponds to the 
pullback A^.(Specfc) — ► A G (G/K), and the tranfer homomorphism corre- 
sponds to the proper pushforward A G (G/H) — > A^(Spec/c). 
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Since proper pushforwards and flat pullbacks commute, from the cartesian 
diagram 

G/K x G/H 
P r i 



G/K — > Spec A; 



we get the equality 



res^ tsfg = p*vr* = pr u pr^ : — > A* K . 

Now we need to express G/K x G/H as a disjoint union of orbits by the 
diagonal action of G. There is a G-invariant morphism G x G —* G, defined 
by the rule (a, b) \— ► a" 1 6, that induces a morphism G/K x G/H — > K\G/H. 
For each s G C, call f2 s the inverse image of s £ (K\G/ H)(k), so that 
G/A" x G/il is a disjoint union LLge^s- ^ * s eas Y to verify that J7 S is 
the orbit of the class [1, s] G (G/A" x G/H){k) of the element (l,s) G 
(G x G)(k), and that the stabilizer of [1, s] is precisely X s . From this we get 
an isomorphism 

G/K x G/H ~ ]J G/A s 
sec 

from which the statement follows easily. 4 

Proposition 4.5. Assume that G is smooth. Let f : X — » 1" a proper G- 
equivariant morphism of G-schemes. Assume that for every G-invariant 
closed subvariety W C K i/iere exists a G-invariant closed subvariety of X 
mapping birationally onto W. Then the pushforward /*: A^X — > A^ Y is 
surjective. 

Here by G-invariant closed subvariety of X we mean a closed subscheme V 
of A that is reduced, and such that G permutes the irreducible components 
of V transitively (one sometimes says that V is primitive). 

This property can be expressed by saying that X is an equivariant Chow 
envelope ofY (see |Ful981 Definition 18.3]). 

Proof. In the non-equivariant setting the result follows from the definition 
of proper pushforward. 

In our setting, let us notice first of all that if Y' — > Y is a G-equivariant 
morphism and X' = Y' Xy A, the projection A' — ► 1"' is also an equivariant 
Chow envelope (this is easy, and left to the reader). Therefore, if U is an open 
subscheme of a representation of G on which G acts freely, the morphism 
/ x idjj : X x U ^> Y x U is &n equivariant Chow envelope. But since G is 
smooth, it is easily seen that pullback from (A x U)/G to A x U defines a 
bijective correspondence between closed subvarieties of (Ax U)/G and closed 
invariant subvarieties of A x U; hence the (A x U)/G is a Chow envelope of 
(Y x U)/G. So the proper pushforward A* ((A x U)/G) -> A*((Y x U)/G) 
is surjective, and this completes the proof. 4ft 
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5. On C p x /i p 

A key role in our proof is played by a finite subgroups C p x /i C PGL p . 

We denote by C p C S p the subgroup generated by the cycle a = (12 . . . p). 
We embed S p into PGL p as usual by identifying a permutation a 6 S p with 
the corresponding permutation matrix, obtained by applying a to the indices 
of the canonical basis ei, . . . , e p of V (so that uej = ej+i, where addition is 
modulo p) . 

If we denote by r the generator 

of fi p C PGLp, we have that 

to" = cjctt in GL p ; 
so cr and r commute in PGL p , and they generate a subgroup 

C p x ^ C PGLp. 
We denote by a and (3 the characters C p x fi p — ► G m defined as 

a(a) = uj and a(r) = 1 

and 

/3(a) = 1 and 0(t) = to. 
The following fact will be useful later. 

Lemma 5.1. If i and j are integers between 1 and p, consider the matrix 
a l T^ in the algebra Q\ p of p x p matrices. Then if / (p,p), the matrix 
a l T 3 has trace 0, and its eigenvalues are precisely the p-roots of I. 

Each a l T 3 is a semi-invariant for the action of C p x /j, , with character 
a~ 3 ft 1 . Furthermore the ff ! r J form a basis of g[ p , and those with / 
(p,p) form a bases of sl p . 

Proof. The fact that C p x fj, p acts on a l T 3 via the character a~ i (3 l is an 
elementary calculation, using the relation ra = loot. From this it follows 
that the a l T J are linearly independent, and therefore form a basis of gl p . 
The statement about the trace is also easy. 

Let us check that the o % t 3 with (i,j) / (p,p) have the elements of fi p 
as eigenvalues. When i = p we get a diagonal matrix with eigenvalues are 
uj 3 , . . . , uj P3 , which are all the elements of fx p , because p is a prime and j is 
not divisible by p. Assume that i ^ p. The numbers i, 2i, . . . , pi, reduced 
modulo p, coincide with 1, . . . , p. If A is a p th root of 1, and ei, . . . , e p is 
the canonical basis of k n , then the vector 

t=i 
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is easily seen to be an eigenvector of crV J with eigenvalue A (using the fact 
that 



2 l - \ 2 > ( mod ^) 

when t± = ti (mod p), which holds because p is odd, and the relations 
aei = ej+i and re^ = u/ej). This concludes the proof of the Lemma. A 

Corollary 5.2. Am/ too elements in C p x /i p different from the identity are 
conjugate in PGL p . 

Remark 5.3. It is interesting to observe that the Proposition, and its Corol- 
lary, are false for p = 2; then the matrix err has eigenvalues iy 7 — T, which 
are not square roots of 1. 

We will denote by £ and n the first Chern classes in Ac pX/x of the char- 
acters a and (3. Then we have 

We will identify C p x /x p with F p x F p , by sending a to (1,0) and r to 
(0, 1); this identifies the automorphism group of C p x /i p with GL2(F p ). 

We are interested in the action of the normalizer NcpX/XpPGLp of C p x /i p 
in PGL p on C p x /i p and on the Chow ring A^ x/X . 

Proposition 5.4. Consider the homomorphism 

N Cp x Mp PGL p — GL 2 (F P ) 

defined by the action of Nc p x/x PGL p on C p x /x p . Its kernel is C p x fi p , 
while its image is SL2(F P ). 

Furthermore, the ring of invariants 

(Ac P x Mp ) SL2(Fp) 

is the subring o/A^ x/x generated by the two homogeneous polynomials 

q = r] p2 ~~ p + ^p -1 ^ -1 — rf~ 1 ) p ~ 1 
— £P 2 -p _|_ ^-l^p-i — r/ p ^ 1 ) p ^ 1 

and 

r = M?- 1 - rf' 1 ) 

The equality of the two polynomials that appear in the definition of q 
is not immediately obvious, but is easy to prove, by subtracting them and 
using the identity 

(£P -1 — r/ p ~ 1 ) p = £P 2 -p — rj p2 ~ p . 
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Remark 5.5. This is well known to homotopy theorists, as I learnt from 
N. Yagita. More generally, the rings of invariant ¥ p [xi, . . . , x n ] GLn ^ ¥p ^ and 
F p [xi, . . . , x n ] SLn ( Fp ) were computed by L.E. Dickson, in jDicllj : the first 
is known as the Dickson algebra. However, I prefer to leave the present 
self-contained treatment of this stands (partly because Lemma 151)1 

below will be used several times in what follows). 

Proof. First of all, let us show that the image of the homomorphism above 
is contained in SL^Fp). There is canonical symplectic form 

A ( c p x #*p) — * 

defined as follows: if a and b are in C p x fi C PGL p , lift them to matrices 

a and b in GL p . Then the commutator aba~ 1 b 1 is a scalar multiple of the 
identity matrix I p ; it is easy to see that the scalar factor, which we denote by 
(a, b), is in fi p , and that it only depends on a and b, that is, it is independent 
of the liftings. The resulting function 

(-, -) : (C p x n p ) x (C p x n p ) — ► fi p 

is the desired symplectic form. 

Now, SL2(Fp) has p(p 2 — 1) elements. According to Corollary 15.21 the 
action of Nc pX/ ^PGLp is transitive on the non-zero vectors in ¥ p ; so the 
order of the image of Nc pX /x p PGLp in SL^Fp) has order divisible by p 2 — 1. 
It is easy to check that the diagonal matrix 

[l,w,u; 3 ,..., J^l ,...,u,l] 

i th place 

is also in Nc pX /i p PGLp, acts non-trivially on C p x fi pi and has order p. So 
the order of the image of Nc p x/i p PGLp is divisible by p; it follows that it is 
equal to all of SL^Fp). 

It is not hard to check that the centralizer of C p x fi p equals C p x fi p ; 
and this completes the proof of the first part of the statement. 

To study the invariant subring (A CpX/x ) SL2 ( f p) ; we use the natural sur- 
jective homomorphism 

A CpXAtp = z[Z,v\/(pS,pn) — » Vp[£,v], 

which is an isomorphism in all degrees except 1; it is enough to show that 
the ring of invariants F p [£, rj] slj2 ( Vp > is the polynomial subring Fp[g,r]. 

To look for invariants in F p [£, rj], we compute the symmetric functions 
of the vectors in the dual vector space (Fp=) ; these are the homogeneous 
components of the polynomial 

11 (1 + % + jr,), 
which are evidently invariant under GL^Fp). 
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Lemma 5.6. 

J] (l+^+j'r?) = l-q + r P- 1 . 

0<i,j<p-l 

Proof. Using the formula 

Y[(a + ib) = a p -abP-\ 

which holds for any two elements a and b of a commmutative F p -algebra, 
we obtain 

II (i + i£ + in) = II (C 1 + - C 1 + W -1 ) 

= n(( 1 -^ 1 )+^-^~ 1 )) 

iGF p 

= (1 - 7 ] p - 1 ) p - (1 - - £rf- 1 ) p - 1 

= i-( v p2 - p + (e-tiv p ~ 1 ) p ~ 1 ) 

= l-g + r p - 1 . 4 

This shows that g and r p_1 are invariant under GL2(F p ). The polynomial 
r is not invariant under GL^Fp), but it is invariant under SL^Fp). The 
simplest way to verify this is to observe that r must be a semi-invariant of 
GL^Fp) (if g G GL2(Fp), then {gr) 13 ^ 1 = r p_1 , and this means that gr and 
r differ by a constant in F*). But the commutator subgroup of GL2(F p ) 
is well known to be SL2(F p ); so any character GL2(F p ) — > F* is trivial on 
SL2(F p ), and r is invariant under SL^Fp). 

We have left to check that q and r generate the ring F p [£, r]] SL2 ^ ¥p \ The 
equalities 

i p2 ~ l - qe" 1 + r p - 1 = rf 2 - 1 - qrf' 1 + r^ 1 = 0, 

which are easily checked by homogenizing the equality of Lemma 15.61 that 
is, by adding an indeterminate t and obtaining 

1] (* + »£ + JV) = - Qt P ~ l + r p ~\ 

0<ij'<p-l 
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ensure that the extension ¥ p [q, r] C F p [£, rj\ is finite. Hence it is flat, and its 
degree equals 

dim Fp F P lt r,]/(q, r) = dim Fp F[£, rj]/(q, f ) 

+ dim ¥p ¥[^, r]]/(q,r]) 

+ dhn ¥p ¥[^ri}/(q,e- 1 -V p - 1 ) 
= d\m ¥p ¥ p [£,r ] }/(riP 2 -P,Z) 

+ d\m ¥p ¥ p [Z,T 1 }/(e 2 ~ p ,v) 

+ dim ¥p ¥ p [^, V }/(^,e- 1 -rf~ l ) 

= (P 2 -P) + (P 2 -P) + (P 2 -P){P~ 1) 

= p(p 2 -l), 

which is the order of SL2(F p ). So the degrees of the field extensions 

¥ p (q, r) C F„(£, rf) and F p (£, V ) Sh ^ C F p (£, if) 

both equal p(p 2 — 1), so ¥ p (q, r) = ¥ p (£, ^) SL2 ( f p); and the result follows, 
because ¥ p [q, r] is integrally closed. 4 

For later use, let us record the following fact. The image the restriction 
homomorphism Ap GLp — ► A.Q pXfl i s contained in (Aq^ xm ^ SL2 ( F f^ are 
going to need formulas for the restrictions of the Chern classes Cj(s[ p ) to 
A* 

Lemma 5.7. Let i be a positive integer. Then the restriction o/c,(s[ p ) to 
Ap pX/1 is — q if i = p 2 —p, is r p ~ l if i = p 2 — 1, and is in all other cases. 

Proof. The total Chern class of gL coincides with the total Chern class of 
sip, because gl p is the direct some of sl p and a trivial representation. From 
Lemma 15. II we see that this total Chern class, when restricted to A£ x/x , 
equals 

p 

^(l + ^ + j??); 

and then the result follows from Lemma 15.61 4* 

We will also need to know about the cohomology ring H£ x/x . For any 
cyclic group C n ~ p n , the homomorphism Aq — > Hq is an isomorphism. 
This does not extend to C p x fi p ; however, from the universal coefficients 
theorem for cohomology, for each index k we have a split exact sequence 

0— © Hb^H^-.Hfe^-, Torf(ff Cp ,H^)^0; 

i+j=k i+j=k+l 

furthermore, since the exterior product homomorphism A£ p (g) A^ — > A^. pX/x 
is an isomorphism, the image of the term (Bi+j=k^h p * n ^° ^c p x/x 
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is the image of the cycle homomorphism Aq pX ^ — ► Hq pX/1 . From this it 
is easy to deduce that the cycle homomorphism induces an isomorphism of 
Aq pX/1 with the even dimensional part H^"^ of the cohomology. 
We have isomorphisms 

H Cp x^-Torf(H 2 Cp ,H2J~Z/pZ; 

chose a generator s of Hq p xh (later we will make a canonical choice). We 

have that s 2 = 0, because p is odd, and s has odd degree. 

The odd-dimensional part of the cohomology is isomorphic to 

the direct sum i ■ Torf (H^ , Hjj ), with a shift by 1 in degree. Both 
H c ^ ^ and ■ Torf (Hq , ) have natural structures of modules over 
Hq p Cg) = Hc^"/i j an d the isomorphism above is an isomorphism of 
modules. But ®^ . Torf (Hq^, ) is easily seen to be a cyclic Hq™"^ - 
module generated by s. From this we obtain the following result. 

Proposition 5.8. 

H c P x Mp =%[£,ri,s]/(p£,pri,ps,s 2 ). 

We are also interested in the action of SL^Fp) on 'S.q XfjL • I claim that 
the class s is invariant: this is equivalent to the following. 

Lemma 5.9. The action of SL^Fp) on Hq pX/1 is trivial. 

This follows, for example, from the construction of Section 1111 where we 
construct a class /3 G Hp GL;) that maps to a non-zero element of Hc p xn ' ^ 
would be logically correct to postpone the proof to Section fTTl as this fact is 
not used before then; but this does not seem very satisfactory, so we prove 
it now directly. 

Proof. Consider the exact sequence 

H 2 (C P x /i p ,Z/pZ) H 3 (Cp x fi p ,Z) H 3 (Cp x fi p ,Z) 

coming from the short exact sequence 

— ► z -A Z — ► Z/pZ — ► 0; 

since H 3 (C p x /x p ,Z) = Hq pX ^ is Z/pZ, we see that the Bockstein homo- 
morphism [3: H 2 (Cp x fi p , Z/pZ) — ► H 3 (Cp x /x p ,Z) is surjective. It is also 
SL<2(Fp)-equivariant. By Kiinneth's formula, the exterior product induces 
an isomorphism of the direct sum 

H 2 (Cp,Z/pZ) (H x (Cp,Z/pZ) ® HV p ,Z/pZ)) 0H 2 (/Xp,Z/pZ) 
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with H 2 (C p x /i p ,Z/pZ). Now, from the commutativity of the diagram 
H 2 (C p ,Z/pZ) >H 3 (C P ,Z) = 

H 2 (C P x fi p , Z/pZ) -^U H 3 (C P x /i p , Z) 

where the rows are Bockstein homomorphisms and the columns are induced 
by projection C p x /i„ — > C p , we see that the Bockstein homomorphism (3 
sends H 2 (C p ,Z/pZ), and H 2 (/x p ,Z/pZ) for analogous reasons, to 0. Hence 
the composite of the exterior product map 

H^Cp, Z/pZ) ® HVp, Z/pZ) — ► H 2 (C P x Z/pZ) 
with p is surjective. But we have an isomorphism 

H^Cp x n p ,Z/pZ) ~ H^Cp.Z/pZ) ©H^/ip.Z/pZ) 
which induces an isomorphism 

/\ 2 H^Cp x fx p , Z/pZ) ~ H^Cp, Z/pZ) H 1 ^, Z/pZ). 

This shows that the composite of the map 

f\H\C p x fi p ,Z/ P Z) — H 2 (C P x /Ltp,Z/pZ) 

with the Bockstein homomorphism (3 is surjective, hence an isomorphism, 
because both groups are isomorphic to Z/pZ. It is also evidently GL2(F2)- 
equivariant. The action of GL^Fp) on /\ 2 H 1 (C P x /j, p , Z/pZ) is by multipli- 
cation by the inverse of the determinant; hence SL^Fp) acts trivially, and 
this completes the proof. 4k 

From this we deduce the following fact. 

Proposition 5.10. The ring of invariants (H£ x ^ ) SL2( - Fp - ) is generated by 
q, r and s. 

Remark 5.11. The group C p x /i is important in the theory of division 
algebras. Suppose that K is a field containing k, and E — ► Specif is a non- 
trivial PGLp principal bundle. This corresponds to a central division algebra 
D over K of degree p. Recall that D is cyclic when there are elements a and 
b of K*, such that D is generated by two elements x and y, satisfying the 
relations x p = a, y' p = b, yx = ujxy. It is not hard to show that D is cyclic 
if and only if E has a reduction of structure group to C p x /j, p . 

One of the main open problems in the theory of division algebra is whether 
all division algebras of prime degree are cyclic. Let V be a representation of 
PGLp over k with a non-empty open invariant subset U on which PGL P acts 
freely. Let K be the fraction field of U/PGL p , E the pullback to Specif of 
the PGLp-torsor U — > U/G and D the corresponding division algebra; it is 
well known that D cyclic if and only if every division algebra of degree p 
over a field containing k is cyclic. 
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The obvious way to show that D is not cyclic is to show that there is an 
invariant for division algebras that is for cyclic algebras, but not for D. 
However, the result proved here implies that there is no such invariant in the 
cohomology ring Hp GL?) . In fact, consider a non-zero invariant £ E HpGL p - 
Then either £ has even degree, so it comes from A PGL;j , hence it restricts to 
in VyPGLp for some open invariant subset V Q U, or it has odd degree, 
and then it maps to in A^ pGL , and it does not map to in A CpXAt . 

This is related with the fact that one can not find such an invariant in 
etale cohomology with TLjpTL coefficients (see GMS03, §22.10]). 

6. On C p x T GLp 

Proposition 6.1. Assume that k = C. Then the cycle homomorphism 
A C P KT GLp -» H C P xT GLp " an isomorphism. 

Proof. This the first illustration of the stratification method: we take a 
geometrically meaningful representation of C p X T G l p and we stratify it. 

Denote by V = A p the standard representation of GL p , restricted to 
C p x T G L p . We denote by V<i the Zariski open C p x T G L p -invariant sub- 
set consisting of p-uples of complex numbers such that at most i of them 
are 0, and by Vj = V<i \ V<j_i the smooth locally closed subvariety of p- 
uples consisting of vectors with exactly i coordinates that are 0. Obviously 
V< v - X = V \ {0} and V p = 0. 

Lemma 6.2. For each < i < p—1, the cycle homomorphism A.c pK i GL Vi — 
ixTgl ^ * s an i somor phism. 



Proof. First of all, assume that i = 0. 
is transitive, and the stabilizer of (1, . 
commutative diagram 



Then the action of C p X T G l p on Vq 
. . , 1) G Vo(k) is C p ; hence we have a 



A C! P xT GLp (Vq) y tt* Cp kTgl p ( F o) 

^* jj* 

C p Cp 

where the rows are cycle homomorphisms and the columns are isomorphisms. 
Since the bottom row is also an isomorphism, the thesis follows. 

When i > the argument is similar. The action of C p x T G l p on Vi 

expresses Vi as a disjoint union of open orbits Q\, . . . , Q r , where r = | (?) , 
and the stabilizer of a point of each Qj is an i-dimensional torus Tj ; hence 
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A C P xT GLp (^) > H C p KT GLp (^) 
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®r a* 
h=l A Ti 



where the columns and the bottom row are isomorphisms. 
Lemma 6.3. For each < i < p—1, the cycle homomorphism Aq kT V< 



H 



C p kT GLi 



V<i is an isomorphism. 



Proof. We proceed by induction on i. When i = we have V<o = Vq, and 
the thesis follows from the previous lemma. For the inductive step, we have 
a commutative diagram with exact rows 



A C p KT GLp (^) 



H C P KT GLp (^) 



-* A C P KT GL (V<i) 



"> A C p xT GL (V<i-l) 



-+0 



n * 

-^^CptxTGL, 



-> H C p ixT GLi 



® 

(V<i-i); 



by inductive hypothesis, the arrow marked with (T) is an isomorphism, hence 
the arrow marked with (5) is surjective. However, the bottom row of the 
diagram extends to a Gysin exact sequence 



H c P KT GLp (^) -* H CpKTGLji (F<i) -► H£ pKTGLp (K 



<i-l, 



H 



CpixT G Lp 



showing that the arrow marked with (3) is injective. From this, and the 
fact that the left hand column is an isomorphism, it follows that the middle 
column is also an isomorphism, as desidered. 4k 

Let us proceed with the proof of the Theorem. For each i we have an 
commutative diagram with exact rows 

A C P KT GLp ^-> A C p xT GLp ^ A C p KT GLp (^\{0}) >Q 



H 



C p ixT GLp 



H 



C p KT GLp 



-* H C p KT GLp 



(V\{0}) 



Now, by Lemma f6.3l the right hand column is an isomorphism, hence, arguing 
as in the proof of Lemma 16.31 we conclude that the bottom row of the 
diagram is a short exact sequence. 

If i is odd, we have Hq pKTgl (V \ {0}) = 0, hence the multiplication 
homomorphism 



H 



C P ixT GLp 



H 



Cp xT GLp 
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is an isomorphism. From this we deduce, by induction on i, that H Cjj><Tgl = 
for all odd i. 

When i is even, one proceeds similarly by induction on i, with a straight- 
forward diagram chasing in the diagram above. 4k 

Let us compute the Chow ring of the classifying space of C p x Tql p - 
The Weyl group S p acts on A^ QL = Z[x±, . . . ,x p ] by permuting the Xj's. 
Consider the action of C p on A^ QL : the group permutes the monomials, and 
the only monomials that are left fixed are the ones of the form a p = x\ . . . x p , 
while on the others the action of C p is free. We will call the monomials that 
are not powers of a p free monomials. Then splits as a direct sum 

Z[o"p]©M, where M is the free ZC p -module generated by the free monomials. 
Hence the ring of invariants (A^ gl ) c p is a direct sum Z[a p ] © M c f, and 

is a free abelian group on the generators Yls^c sm -> wnere is a free 
monomial. 

We will denote by £ £ Aq the first Chern class of the character C p — > G m 
obtained by sending the generator (1, . . . ,p) of C p to the fixed generator to of 
H p , and also its pullback to C p x Tgl p through the projection C p x Tgl p — ► 
Cp. 

We will also use the subgroup /x p C Tql p of matrices of the form £Lj, 
where ( 6 The Chow ring A^ is of the form Z[7]]/(pr]), where r\ is the 
first Chern class of the 1-dimensional representation given by the embedding 
H p <^-> G m . The action of C p on \x p is trivial, so there a copy of C p x fi p in 
C P x T GLp ; the Chow ring A* CpX ^ is Z[€,rj\/(p€,pr}). 

Here are the facts about A Cp><TGL that we are going to need. 

Proposition 6.4. 

(a) The image of the restriction homomorphism 

is the subring generated by if, which is the image of a p . The kernel is 
the subgroup of (A^ GL ) Cp generated by the ^2 se c p sm, where m is a free 
monomial, and by po~ p . 

(b) The ring homomorphism A£ kTgl — > (A^ gl ) Cp induced by the embed- 
ding Tql p ^ C p k Tql p is surjective, and admits a canonical splitting 
4>: (A^ GL ) Cp — ► ^c p kT gl > which is a ring homomorphism. 

(c) As an algebra over A c?jI><Tgl , the ring A c?jI><Tgl is generated by the 
element £, while the ideal of relations is generated by the following: p^ = 
0, and 4>(u)t; = for all u in the kernel of the ring homomorphism 
A^ QL — > A^j induced by the embedding fi p Tql p • 

(d) The ring homomorphism A Cj)><Tgl — > A^ GL x Ap pX(1 induced by the 
embeddings Tql p ^ C p x Tql p and C p x fi p C p x Tgl p injective. 
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(e) The restriction homomorphism A-c p txT GL — > (A^ GL ) Cp sends the kernel 
°f A c p kT GLj) A c p x Mp bijectively onto the kernel of A^ QLp -> A^. 

Proof. Let us prove part (jsj). All the Xj in A^ GL map to 77 in A^ , so <t p 
maps to 7] p , and all the X) s eC sm ma P to prj deem = 0. 

Let us prove (01 • First of all let us construct the splitting cp : ( A^ GL ) Cp — » 
A-c p txTGL as a homomorphism of abelian groups. The group (A^ GL ) Cp is 
free over the powers of a p and the X^eC p sm - 

The restriction of the canonical representation V of C p x Tql p to the 
maximal torus Tql p splits are a direct sum of 1-dimensional representations 
with first Chern characters x\, . . . , x p ; hence the i th Chern class C{(V) G 
A c p kT gl restricts to cjj G (At gl )• We define the splitting by the rules 

(a) cp(a r p ) = c p (V) r G ^*c p <xT GLp for each r > 0, and 

T GL 

( b ) <t>(EseC p sm ) = tsf c P xT GLp 171 G A c P xT GLp for each free monomial to. 
Notice that the transfer in the second part of the definition only depends 

on the orbit of to; hence cp is well defined. 

We need to check that cp is a ring homomorphism, by taking two basis 
element u and v and showing that cp(uv) equals cp(u)cp(v). This is clear when 
both u and v are powers of a p . 

Consider the product a p Ylsec p sm = J2sec p s (°~p m )'i we have 

= tsf c ^^ GL (cr p m) (because a p m is still a free monomial) 
= c p (y) r tsf c ^^ GL (to) (by the projection formula) 

seCp 

Now the hardest case. Notice that if to is any monomial, not necessarily 
free, we have the equality 

c T GL„ 

m. 



E Sm ) = tsf C P KT GLp 

sec p 

When m is free this holds by definition, whereas when m = a p we have 

^2*;) = P cf>(*;) 

, f T GL C p ikT gl 

= c p kT G l p Tql p %00 

— tsf TGLp n r 

- tSI C p xT GLp V 
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Take two free monomials m and n. We have 
4>(^ sm ■ sn ) = 0^ ^2 sm ' ^ n 



{ 



sm • stn 

s,teC p 



s(m • tn) 



teCp 



tSI C p xT GLp { m ■ reS T GLp tSI C p KT GLp n 
M St GLp M tsf S P T GLp («) 



as claimed. This ends the proof of part (jfj|). 

For parts (jcj) and ((d)). notice the following fact: since the restriction of £ 

T GL 

to A^ gl is 0, from the projection formula it follows that £tsf Cpl)< T GL (to) = 

e a c p kt GLp for an y m e A T GLp ; hence we g et that 4>(Y,seC p m )£ = 
G A^. pl)<TGL , as claimed. Thus, the relations of the statement of the 

Proposition hold true. 

Denote by A^ ql the ideal of A^ QL generated by homogeneous elements 

of positive degree. Then the image of (A^ gl ) Cp in ^c p <kT gl ft m aps to 

under the restriction homomorphism res^ GLp : Aq pIkTgl AJ^. In 

fact, the image of Ai is generated by elements of the form tsf,~, G JX to, 
where to G A^ GL is a monomial of positive degree, and by positive pow- 
ers Cp(V) r of the top Chern class of V. The fact that the restriction of 

T G l 

tsf £^ kT G l m is follows from Mackey's formula. On the other hand, the 
restriction of V to C p is a direct sum of 1-dimensional representations with 
first Chern classes 0, £, 2£, . . . , (p — 1)£;, so the restriction of V has trivial 
top Chern class. 

Lemma 6.5. The kernel of the restriction homomorphism 

C p ixT GLp _ 

res C p ' A CpixT GLp > A Cp 
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consists of the sum the image of (A^ gl ) p in A^ pKTGL via (f), and of the 
ideal (c p (V)) QA* CpKTQhp . 

Proof. Consider the hyperplane Hi in the canonical representation V = A p 
defined by the vanishing of the i th coordinate. Denote by H = U^ =1 Hi C V 
the union. If Vq = V \ H we have an exact sequence 

A c p kT GLp (#) — A£ pKTGLp (F) -> A* CpKTGhp (V ) — 0. 
We identify A* CpXTQLp (V) with A* Cp „ TGLp via the pullback A* CpKTcLp -» 
A c p [xT GL OOj which is an isomorphism. The action of Tql p on Vq is free 
and transitive, and the stabilizer of the point (1, 1, ... , 1) is C p C C p X Tgl p - 
Hence we have an isomorphism of A c?jI)<Tgl (Yo) with A Cp , and the pullback 
Ac p ikT gl (V) A c p kT gl (^o) i s identified with the restriction homomor- 
phism Ac pKTGL — > A Cp . So the kernel of this restriction is the image of 

A C P txT GLp ( H )- 

Denote by H the disjoint union Ym=i U {0} of the Hi with the origin 
{0} C V. I claim that the proper pushforward A c?)[><Tgl (5) Aq KT(a (iT) 
is surjective. This follows from Proposition 14.51 we need to check that ev- 
ery C p ix Tgl p -invariant closed subvariety of H is the birational image of a 
C p tx Tql p -invariant subvariety of H. Denote by W a C p X Tgl p -invariant 
closed subvariety of H. If W = {0} we are done. Otherwise it is easy to 
see that W will be the union of p Tql p -invariant irreducible components 
W\, . . . , W p , such that each W% is contained in Hi. Then the disjoint union 
LIf = l Wi C \Jf =1 Hi C H is Cp k Tgl p -invariant and maps birationally onto 
W. Hence we conclude that the kernel of the restriction homomorphism is 
the sum of the images of the proper pushforwards 

A c P .T GLp ({o})^A Cp><TGLp (y) 

and 

A c P KT GLp (]J^)^A CpKTGLp (y). 

i=l 

After identifying Aq p kT G l (V) with A c?jI)<Tgl , the first pushforward is 
just multiplication by c p (V), so its image is the ideal (c p (V)) C A c?)I)<Tgl . 

Notice that the disjoint union JJf =1 Hi is canonically isomorphic, as a 
Cp ix TcL p -scheme, to (C p >< Tql p ) x Tgl p Hi; hence there is a canonical 
isomorphism 

A c P KT GLp (U^)-At GLp (^)- 
v 1=1 y 

The pushforward A^ GL (Hi) — > A Cp><TGL (V) is the composite of the proper 
pushforward A^ GL (i?i) — > A^ GL (V), followed by the transfer homomor- 
P hism A t GLb (V) - A CpKT After identifying A^ (Hi) and A^ (V) 
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with A^ GL , Aq pKTgl (V) with A^ pKTGL , we see that this implies that the 

image of A£ p(< T GLj , (LRU -Hi) m A c P xT GLp (^) = A c P xT GLp ^ the image of 
the ideal (x\) C A^ GL under the transfer map A^ gl — > Aq p><Tgl . So 
each element of the image of ^c p \kT gl (11?= i Hj) can be written as a linear 
combination with integer coefficients of transfers of monomials of positive 
degree: and this completes the proof of the Lemma. 4* 

Now we show that Aq pIkTgl is generated, as an algebra over (A^ QL ) Cp , 
by the single element £. Take an element a of Aq pIkTgl of degree d, and 
write its image in Aq = Z[£]/(p£) in the form m£ , where m is an integer. 
Then a — m£ d G A^ pKTGL maps to in A£ p , so according to Lemma l6.5l it 

is of the form /? + cr p 7, where /3 is in (A^ GL ) Cp and 7 £ A^~ p . The proof is 
concluded by induction on d. 

Now we prove that the relations indicated generate the ideal of relations, 
and, simultaneously, part (jd|). 

Take an element a E A c p t><T GL ! usm g the given relations, we can write 

a in the form ao + «i£ + «2^ 2 H , where ao £ (At gl ) Cp , while for each 

i > the element aj is of the form diO~p, where < di < p— 1, and rp = d— i, 
when p divides d — i, and otherwise. 

Assume that the image of a in A^ GL x Aq x ^ is 0. The image of a in 

A^ GL is ao, hence ao = 0. 

Lemma 6.6. The restriction of 4>(a p ) = c p (V) to A^ pX/i = Z[£, rj](p^,pr]) 
equals rf — r/£ p_1 . 

Proof. The restriction of V to C p x /x p decomposes as a direct sum of 1- 
dimensional representations with first Chern classes rj, 7/ — £, 77 — 2£, . . . , rj — 
ip ~ 1)£> an d 

77(77 - - 20 . . . (77 - (p - 1)0 = 77P - r^ 1 . 4 

Since £ and if — 7y£ p_1 are algebraically independent in the polynomial 
ring F p [£, 77], it follows that all the on are all 0. This finishes the proof of (jcj) 
and ©. 

Finally, let us prove part (jgj). 

Injectivity follows immediately from part (JdJ. To show that the restriction 
homomorphism is surjective, it is sufficient to show that if u is in the kernel 
of the homomorphism (A^ GL ) Cp — > A^ , then is in the kernel of 

A c P xT GLp -» A c pX/v Each element of (A^ GL J Cp of the form £ seCp 
goes to in Aq , while a p goes to 7y p ; hence u is a linear combination of 
elements of the form £ sg c p m and So <p{u) is a linear combination 
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Tql 

of element of A^ kTgl of the form pc p (V) r and tsf c K x GL m > f rom the 
following Lemma we see that all these elements to v „ is 0. 

Lemma 6.7. // u is an element of positive degree in A^ GL , the restriction 
of tsf n u to Ap v „ is 0. 

t'pKiGLp U P X Mp 

Proof. The double coset space (C p x fj, )\(C P X Tql p )/Tgl p consists of a 
single point and (C p x //„) n Tql p = so we have 

Cp lxT G Lp f T G Lp _ f Mp T GLp 

CpX/X p LpKlGLp ^pX/J p Pp 

However, I claim that the transfer homomorphism 

fof^p ■ A* > A* 

is in positive degree. In fact, the restriction homomorphism 

C p x/x p _ 

is surjective, because the embedding /x p «— > C p x /x p is split by the projection 
C p x n v — > It follows immediately, again from Mackey's formula, that 

the composition tsf^ x/x res^ X/Xp is multiplication by p; and all classes in 
Ap pX/1 in positive degree are p-torsion. 4 

This concludes the proof of Proposition 16.41 4 

Remark 6.8. When k = C, Propositions I6.ll and 16.41 give a description of 
the cohomology Hc p ixT Gh . This can be proved directly, by studying the 
Hochschild-Serre spectral sequence 

E'i = H l (C p ,H J TGLp ) H l +^ TGLp . 

7. On C p x TpcLp 

In this section we study the Chow ring of the classifying space of the group 
Cp x TpQLp • Here is our main result. Consider the subgroup fi p C Tpgl p 
defined, as in the Introduction, by the formula £ i— > [£, £ 2 , . . . , 1]- This 
defines a homomorphism of rings A TpGL — * A^ . 

Proposition 7.1. 

(a) T/ie image of the restriction homomorphism 

(At p ^) C ^A^=Z[W(^) 
is £/ie subring generated by rf . 

(b) T/ie ring homomorphism Ac p ><Tp GL * (^T PGL ) Cp induced by the em- 
bedding TpQLp ^ Cp x TpcLp is surjective, and admits a canonical 
splitting (ft: (A T ) Cp — > A^ xT , which is a ring homomorphism. 
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(c) As an algebra over (A^ pGL ) Cp , the ring ^c p txT PGIj ^ s generated by 
the element £, while the ideal of relations is generated by the following: 
p£ = 0, and (f>(u)£ = for all u in the kernel of the ring homomorphism 
A^ pGL — ► induced by the embedding fi p w Tpql p • 

(d) The ring homomorphisms 



and 



A C p xT PGLp ► A T PGLp x A C p x Mp 



H C p XT PGLp > TpGL p X M C p X Mp 



induced by the embeddings Tpgl p C p x Tpql p and C p x /x C p x Tpgl p 
is infective. 

(e) T/ie restriction homomorphism Ac p kt pgl ~~ * ( A T PGL ) Cp sen ds the ker- 
nel o/A CpKTpGL?) A CpX/x?) bijectively onto the kernel of A^ pGLp 
A* 

Proof. One of the main ideas in the paper is to exploit the fact, already used 
in |Vez00| and rediscovered in jVV03 , that there is an isomorphism of tori 

TpGLp — TgLp 

defined by 

<3?(ii, . . . ,t p ) = [ti/tp, ^2/^1,^2/^2, • • • , tp~i/tp-2, tp/tp-i]. 

This isomorphism is not S p -equivariant, but it is C p -equivariant; therefore 
it induces an isomorphism 

$: C p x TpGLp — C p x TgLp- 

The composite of the embedding /x p ^ Tpql p with the isomorphism <I> 
is the embedding /x p ^ Tsl p defined by ( i— > [C, d • • • > C]> 

Now, take an open subset U of a representation of C p x Tgl p on which 
C p x T GLp acts freely. The projection U/C p x T S l p -> U/C p K T GLp is 
a G m -torsor, coming from the determinant det : C p x Tql p — ► G m of the 
canonical representation 1/ of Tgl p • Lemma 14.11 implies that there is an 
exact sequence 

A * 01 ^2 A * A * n 

A C p xT GLp ► A C p xT GLp ► A C p xT SLp * U 

and a ring isomorphism A Cp><TsLp ~ A* Cpt<TGLp /(a(V)). 

Consider the splitting <fi: (A^ QL ) Cp —>■ Aq k t gl constructed in the pre- 

T GL 

vious section. I claim that ci(V) coincides with 4>(o-\) = tsf c ^, gl %\. 

To prove this it is enough, according to Proposition 16.41 (|d|). to show that 
these two classes coincide after restriction to A^„ and to Ap „,, . The 

1 GL p *^j> x A* p 

restrictions of both classes to A^ GL coincide with x\ + ■ ■ ■ + x p . 
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The action of C p Xfi p onV splits as a direct sum of 1-dimensional repre- 
sentations with characters r]+£, r) + 2£, . . . , jy+ (p — r], so the restriction 
of ci(V) to A* CpXfip is 

v(v — 1) 

r q + i + r] + 2i+---+r] + (p-l)i + r]=pr]+ — = 0. 

Tql 

So we need to show that the restriction of tsf c?;K T GL x\ to AJ^ pX/x is also 
0. This is a particular case of Lemma 16.71 
There is also an exact sequence 

n » a* ai - a* > A* > n 

U > A T GLp * A T GLp > TsLp * U ' 

so A^ gL is the quotient A^ QL /(ci). 



Lemma 7.2. If G is a subgroup of S p , the projection (A?p GL ) G — > (A?j-, gL ) G 
induces an isomorphism 

(At SLp ) G /(-i)-(A^ GLp ) G 

Proof. This is equivalent to saying that the exact sequence above stays exact 
after taking G-invariants; but we have that H 1 (G, A^ GL ) = 0, because 
A^ gl is a torsion-free permutation module under G. 4ft 

Part (jsj comes from the surjectivity of the restriction homomorphism 
( A T GL )° P -» ( a t sl )° P and Proposition Qfe>. 

We construct the splitting (A^ gL ) p — > Ap pl><TsL by taking the splitting 
(A^ GL ) Cp — > A^. pl)<TGL constructed in the previous section, tensoring it 
with ( A^ GL ) Cp I (o\ ) over ( A^ GL ) Cp , to get a ring homomorphism 



and using the isomorphisms 

(At SLp ) Cp - (At GLp ) C 7(-i) 

and 

A C p KT GLp /(^l) - A C p xT SLp 

constructed above. This proves part (JbJ). Part (jcj) follows from Proposi- 
tion eiu © . 

To prove part (jgj) consider the diagram of restriction homomorphisms 
A C p KT GLp > A C p KT SLp S> A C pXAtp 

( A T GLp )° P ^( A T SLP ) CP 
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The surjectivity of the map in the statement follows from Proposition ^. 41 lje*jl 
and from the fact that the first arrow in the bottom row is surjective. 
To prove injectivity take an element u of A^ pI)<TsL that maps to in 

Ap pX/1 and in (A^ gL ) Cp . Let v be an element of A£. pK T GL mapping to u. 

Since the kernel of the homomorphism ( A^ GL ) Cp — > ( A^. gL ) Cp is generated 

by (Tx, we can write the image of v in (A^ QL ) Cp as a\w for some w G 

(A^ GL ) Cp . Then the element v—(j){aiw) maps to in A^ and in (A^ GL ) Cp ; 
hence, by Proposition 16.41 (0J, it is 0. So u = <f>{a\)(j)(w) maps to in 
(A?p gL ) Cp , as claimed. 

Let us prove part (0J). The statement on Chow rings is an immediate 
consequence of part (jej. 

For the cohomology, we will argue as follows. We have a long exact 
sequence 

ri-l 

CpKTsLp 



H 



i-2 

C p kTgl b 



H 



i-1 

CpKT GL 




CpKTsLp 



By Proposition 16.11 the cycle homomorphism Aq pKTg ^ — > ^ic pK ^ GL is 
an isomorphism. Hence, for each i we have a commutative diagram with 
exact rows 



A i-1 

A CpixT GLp 



» A CpxT GLp 



-> A CpKT SL 



■>0 



H 



2i-2 
CplxT G T 



2/ 



CpXT GLp 



->■ H 



2i 

CpKT SL 



->• H 



2i-l 
CpixT G T 







up -j,-- — vjijp -^---.jijp ~p"~\jljp 

in which the first two columns are isomorphisms. This implies that the third 

column is also an isomorphism: so the cycle homomorphism Aq pIJ<Tsl — > 

HcTkTsl * s an i somor phi sm - Therefore the homomorphism H^ e ^ TgL — > 
H|f L ;xH e c v ;^ p isinjective. 

When i is odd, we have an exact sequence 

d 



= H, 



C p xT GLp 



H 



CptxTsL 



n Cp ixT GLp n Cp kT G l p ' 



hence the boundary homomorphism d: Hq^ Tsl HcJ£ Tgl yields an iso- 
morphism of Hq^Tsl w ^h the annihilator of the element ci (V) of Hq^™ Tgl 
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A-CptxTcL • From the description of the ring A Cp><TgL in (jjjj), it is easy to 
conclude that this annihilator is the ideal generated by £. 

Consider a free action of C p X Tql p on an open subscheme U of a repre- 
sentation. The diagram of embeddings 

Cp x fip y Cp x G m 



Cp x T GLb 



-> U/Cp x 



Cp x T SLp 
induces a cartesian diagram 

U/Cp X /Lt p • 



[//Cp x T SLp ► U/C p x T GLp 

in which the rows are principal G m -bundles, and the columns are 
equivariants. This in turn induces a commutative diagram 



Tjodd 

n C p txT SLp 



TTodd 



Tieven 
-)- n CpixT GLj) 



H? 



in which the top row is injective, and has as its image the ideal (£) C 
H-C^kTql as we have just seen. Furthermore, every element of (£) C 
Hc^Stgl ma P s to in H^ QL , because it is torsion: hence (£) injects 

p is contained into C p x 



Lip 

into Hg^ ^ , by Proposition 16.41 (fdj). Since C p x /x, 
it follows that (£) also injects into H c ve ^ (C 



H 



odd 



So the composite arrow 



C p ixTsl d 



jjeven 



in the commutative diagram above is injective. It 
follows that the left hand column is injective. 

This ends the proof of Proposition 17.11 A 

Proof of Proposition VJ.1\ We need to analyze the action of the normalizer 
Np of Cp in Sp on the Chow ring ^c p <xT PGIj ■ ^ we identify {1, . . . ,p} with 
the field ¥ p with p elements, by sending each i into its class modulo p, then 
Cp can be identified with the additive group ¥ p itself, acting by translations. 
There is also the multiplicative subgroup F* of S p , acting via multiplication. 
This is contained in the normalizer of C p = ¥ p , and, since p is a prime, it 
is easy to show that the normalizer of C p inside S p is in fact the subgroup 
generated by ¥ p and F*, which is the semi-direct product F* x ¥ p . 

The subgroup C p = ¥ p acts trivially, so in fact the action is through F*. 
The action of F* leaves fi p invariant, and the result of the action of a £ ¥* 
on £ G /Xp is ( a : hence a acts on A*^ = Z[rj\/(pr]) by sending rj to an, 
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and the ring of invariants is the subring generated by rf 1 . The image of 
A^ pGL into is the subring generated by rf ', by Proposition 17. 11 and its 

intersection with the ring of invariants in is the subring generated by 
rf(P~ l \ This shows that the image of (A^ pGL ) Sp into A^ is contained in 
the subring generated by t]P(p~ 1 \ The opposite inclusion is ensured by the 
fact that the discriminant 5 G (A^ ) Sp maps to —rf( p ~ l \ 4ft 

8. On S p x TpgLj, 

The group Sp does not act on Cp >< Tpql p , only the normalizer F* x F p of 

C p does. Nevertheless, we define the subring (Ac p><TpGL ) Sp °f A CptxT PGL 
consisting of all the elements that are invariant under F* x F p , and whose im- 
ages in A?p pGL are Sp-invariant. The restriction homomorphism A SpKTpGL — i 

A c P xT PGLp ha s hs image in (A CpKTpGI J Sp . 

The result we need about S p x Tpgl p is the following. 

Proposition 8.1. The localized restriction homomorphism 

A s P KT PGLp ®Z[l/(p- 1)!] — (A CpKTpGLp ) Sp ®Z[l/(p- 1)!] 

is an isomorphism. 

Of course the statement can not be correct without inverting (p — 1)!, 
because the torsion part of A Cp><TpGL is all p-torsion, while Ag pKTpGL 

contains a lot of (p — l)!-torsion coming from Ag p . This is complicated, but 
fortunately we do not need to worry about it. 

Proof. Injectivity is clear: because of the projection formula, the composite 

SpKTp GL C p KT PGLp _ 

CptKTp G Lp SpKTp G L p • A S p xT PGLp >A CpKT PGLp 

is multiplication by tsf Cp * r^*^ = (p — 1)!. 

To show surjectivity, take a class u G (Ac p kT pgl ) Sp > anc i se ^ 



dcf 



_ , rCp^PGLp . * 

V ~ Sp KTp G L p u 6 A SpXT PGLp 



We apply Mackey's formula (Proposition 14.4)) . The double quotient 

Cp x TpcLp\Sp x TpcLp/Cp x TpGLp = Cp\Sp/Cp 

consists of p — 1 elements coming from the normalizer F* x F p , and (p — 
1) ^ p 1 elements with the property that, if we call s a representative in 
Sp x TpGLp j we have 

S (Cp X TpGLp)^" 1 n Cp X TpGLp = TpGLp • 
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Therefore 



SptxTpGLp / i\ , / i\{P 2)! 1 pTp GL CpXTp GL 

res n v = (p — l)u + (p — 1) tst n „™ res™ y u: 

CpIXTpGLp V ^ / ' \f I CpXTpGLp TpQLp 

hence it is enough to show that an element in the image of the trasfer map 
+ c f TpGL p . I \ * \Sp I a* \S P 

tSt C p KT P G Ll) ' 1 A Tpgl p J * l A CpXT PG L p J 



is in the image of A TpGL , up to a multiple of (p — 1)!. But again an easy 
application of Mackey's formula reveals that 

CpXTpGLp f T PG Lp , lN . 

reS T PGLp Sp xTpGLp *> = (P- 1)^ 

for all w G ( A^ pGL ) Sp , and this finishes the proof. A 



9. Some results on A PGLp 

In this section we prove some auxilliary results, which play an important 
role in the proof of the main theorems. 

The following observation is in VezOO, Corollary 2.4]. 

Proposition 9.1. If £ is a torsion element o/A PGL , or H PGL , then p^ = 
0. 

Proof. Suppose that £ E Aj? GL • Take a representation V of PGL p with an 
open subset U on which PGL P acts freely, such that the codimension of V\U 
has codimension larger than m, so that ApQ L = A m (B), where we have set 

J3 = U/PGL P . Let vr: £ -> B be the Brauer-S everi scheme associated with 
the PGLp-torsor U — > -B: this is the projection — > [7/PGL p , where 
if is the parabolic subgroup of PGL p consisting of classes of matrices (a^) 
with an = when j > 1. The embedding H PGL p lifts to an embedding 
H GL p , as the subgroup of matrices (aij) with an = when i > 1, and 
an = 1; hence the pullback A m (B) -> A m (£) factors through A GLp , which 
is torsion-free. It follows that £ maps to in A m (E). 

Now consider the Chern class c p -i(T E / B ) £ A P ~ 1 (E) of the relative tan- 
gent bundle. This has the property that 7T* c p -i(T E / B ) = p[B] E A (-B); 
hence, by the projection formula we have 

pi = £ ■ tt*(c p -i(T e/b )) 
= Tr*(ir*£ ■ c p -i(T E / B )) 
= 0. 

The proof for cohomology is identical, except for notation. A 

Proposition 9.2. The restriction homomorphisms A PGLp — > A c?jI)<TpGL 
and H PGLp -> H CpI)<TpGL are injective. 
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Proof. By a classical result of Gottlieb ( |Got75j ) the homomorphism H PGLp — i 
H SptxT PGLp is injective; while the injectivity of A PGLp -> Ag pKTpGLj) is a re- 
cent result of Totaro. This is unpublished: a sketch of proof is presented in 

ISO]. 

Theorem 9.3 (Totaro). If G is a connected linear algebraic group over a 
field k of characteristic acting on a scheme X of finite type over k, and 
N is the normalizer of maximal torus, then the restriction homomorphism 
Aq(X) — > A* N (X) is injective. 

Now, the kernels of the homomorphisms in the statement are p-torsion, 
by Proposition 19.11 while the kernels of 

A S P txT PGLp >A C p KT PGLp and H S p txT PGLp ^CptxTpGLp 
are (p— l)!-torsion, by the projection formula, so the statement follows. 4* 

Here is the basic result that we are going to use in order to verify that a 
given relation holds in A PGLp and H PGLp . 

Proposition 9.4. The homomorphisms 



and 



A* v A* v A* 

PGLp ► TpGLp X A C p x Mp 



M PGL P > TpGLp X M C p x/x p 



obtained from the embeddings T PG l p ^ PGL p and C p x /x p <— > PGL p are 
injective. 

Proof. This follows from Propositions 19.41 and 17.11 (|djl . 6 

Here is another fundamental fact, which is one of the cornerstones of the 
treatment of PGL3 in VezOO]. In the Lie algebra sL of matrices of trace 
consider the Zariski open subset sl p consisting of matrices with distinct 
eigenvalues; this is invariant by the action of PGL p . Furthermore, we will 
consider the subspace D p C sl p of diagonal matrices with trace equal to 
zero, and D® = D p Hsl p . The subspaces D p and D® are invariant under the 
action of S p x T PG l p C PGL p . 

Proposition 9.5 (see [VezOOj . Proposition 3.1). The composites of restric- 
tion homomorphisms 

A PGL p O[p) * A S p KT PGLp (s(p) * A S p xT FGljp ( D p) 

and 

H PGL B 00 * H S p KT PGLp (s(p) * R S p xT PGhp ( D p) 



are isomorphisms. 



Proof. The S p x Tp G L p -equivariant embedding D® C sl p induces a PGL p -equi- 
variant morphism PGL p x SpKTpGL p D p — > s( p , which sends the class of a pair 
(A, X) into AXA~ 1 . This morphism is easily seen to be an isomorphism, 
and the proof follows. 4* 



:>>r> 



Corollary 9.6. The restriction homomorphisms 

A PGL P ~> A T PGLp anrf A S P KT PGLp A T PGLp 
/iai>e i/ie same image. 

Proof. In the commutative diagram of restriction homomorphisms 

A PGL P > A PGL p ( sl p) 



A TpGL p ^ A T PGLp (^0 

the top row is surjective. On the other hand, the action on Tp G L p on sip is 
trivial and sip is an open subscheme of an affine space, so the bottom row is 
an isomorphism. It follows that the image of Ap GLp in A TpGL maps isomor- 

phically onto the image of A PGLjj (slp) in Ap pGL (sip). A similar argument 
shows that the image of A s?)[)<TpGL in Ap pGL maps isomorphically onto the 
image of Ag pI><TpGL (Dp) in Ap pGL (Dp). By we also have a commutative 
diagram 

A PGLp K) > A s P xT PGLp (^) 



A T PGLp «) > A T PGLp (^) 

where the top row is an isomorphism, by Proposition EH and this concludes 
the proof. 6 

10. Localization 
Consider the top Chern classes 

Cp 2 _ 1 (slp) G Ap 2 "^ and c p _i (D p ) G Aj£j TpGLp . 
We have the following fact. 

Proposition 10.1. The restriction homomorphism A PGL;) — > A g?jl><TpGL 
carries c p 2_ 1 (slp) into the ideal (c p -i(D p )) C A Spl)<TpGL . The induced ho- 
momorphism 

Ap GLp /(V-i( S( p)) — » A S P txTp G L p /(Cp-l(Dp)) 

becomes an isomorphism when tensored with Z[l/(p — 1)!]. 

Proof. The representation D p of S p K Tp G L p is naturally embedded in sl p , 
so we have that 

Cp 2 _ 1 (slp) = Cp_i(L>p)cp+i(slp/,Dp) G A s^T PGLp > 

and this proves the first statement. 
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The pullbacks 

A£ GLp — A PGLp ( S [ p \ {0}) and A^ pKTpGLp — A^ TpQLp (D p \ {0}) 

are surjective, and their kernels are the ideals generated by c p 2_ 1 (sl p ) and 
Cp-i(Dp) respectively: so it enough to show that the homomorphism 

\ {0}) — (D P \ {0}) 

obtained by restricting the groups, and then pulling back along the embed- 
ding Dp \ {0} "-^ sip \ {0} becomes an isomorphism after inverting (p — 1)1. 
Now, consider the diagram 

A^GL^lp \ {0}) > a* GLj) ( S [;) 

a s p kt PGLp (^ p \ {o}) — ► ^s p .t PGLp (d;) 

where all the arrows are the obvious ones. The rows are surjective, while 
the right hand column is an isomorphism, by Proposition 19.51 hence it is 
enough to show that the rows are injective, after inverting (p — 1)1. 

The first step is to observe that the restriction homomorphism A PGL (sl p \ 
{0}) - AS 

kTpgl C^jAiO}) * s injective, by Totaro's Theorem[|01 Next, the 
restriction homomorphisms Ag pKTpGL;) (s( p \{0}) -> A CpKTpGLp (sl p \{0}) and 
AsptxTpGL^^p) AcpXTpQLpPp) become injective after inverting (p-l)\. 
So it is enough to show that the restriction homomorphisms A G i><Tp GL ( s 'p\ 
{0}) - A CpKTpGLp ( S g and A CpKTpGLp ( J D p \ {0}) - A^^D*) are 
injective. 

Lemma 10.2. Suppose that W is a representation of C p x Tp G l p , and U 
an open subset ofW\ {0}. Assume that 

(a) the restriction ofW to C p x /x p splits as a direct sum of 1- dimensional 
representations W = L\ © • • • © L r , in such a way that the characters 
C p x fi p — > G m describing the action of C p x /x p on the Li are all dis- 
tinct, and each Li \ {0} is contained in U , and 

(b) U contains a point that is fixed under Tp G L p . 

Then the restriction homomorphism A G?)l)< Tp GL , Ac p lxTp GLj 
is an isomorphism. 

Proof. First of all, let us show that A CpXM (W \ {0}) -> A* CpXfl (U) is an 
isomorphism. Denote by D the complement of U in 1/F\{0}, with its reduced 
scheme structure. Let P be the projectivization of W, and call U and D the 
(respectively open and closed) subschemes of P corresponding to U and D. 
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We have a commutative diagram 

A h P ^ p (D) ► A£ pXMp (P) , A* CpX ^(U) , 

A Cp x Mp CD) > A *c P ^ p (W \ {0}) > A£ pXMp (C7) > o 

where the columns are surjective pullbacks, and the rows are exact. It follows 
that is enough to show that the composite 

A Cp x Mp P) — A^(P) — A* CpX „ p (W \ {0}) 

is 0, or, equivalently, that any element of the kernel of A£ XM (P) — > 

Ac p x/x (^) ma P s to in A CpXM (W \ {0}). Denote by qi £ P the ratio- 
nal point corresponding to Lj. 

Denote by 4 £ A^ x/i the first Chern class of the character C p x /x p — ► 

G m describing the action of C p x fi p on Lj, and /i £ A^ x/i the first Chern 

class of the sheaf 0(1) on P. We have presentations 

A Cp xM P ( p ) = z & ^ M/(pe, - *i) ■ ■ ■ (h - tr)) 

and 

A h p x„ p (w \ {o}) = ntv]/(pt,pv,h ■ ..£ r ), 

and a commutative diagram 

Z[f, r?, (/i - 4) . . . (/i - 4)) ► Z[£, »/]/(pe,^, £i . . . 4) 

F p [£, 77, /»]/((/» - £i) ...(/» - 4)) ► F p [£, 7/1/(4 ... 4) 

in which the first row is the map that sends h to 0, and corresponds to the 
pullback. 

The restriction homomorphism A^^P) -► A^ XMp ( ft ) = A£ pX/ip 

sends /i into 4- But f/ contains all the so the kernel K of the re- 
striction Aq Xfl (P) — ► A^ ?)XAt ([/) is contained in the intersection of the 

ideals (h — £{). In the polynomial ring F p [£,ry, h], however, the intersection 
of the ideals (h — £{) is the ideal generated by the product of the h — £i, 
because F p [£, 77, h] is a unique factorization domain, and the h — li are pair- 
wise non-associated primes. Hence the image of an element of K is in 
F p [£, 77]/ (4 . . . t r )\ but the homomorphism 

A c p ^ p (W\{0})^¥ p [^,r l }/(£ 1 ...e r ) 

is an isomorphism in positive degree, and from this the statement follows. 
Now consider the restriction homomorphism 

A c P *T PGhp (W \ {0}) — A* CpKTpGLp (U). 
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Denote by 7 the top Chern class of W in A^ kTpgl > * ne kernel of the 
surjective pullback A c pKTp ~> AcpixTpcLp^^ }) is tne ideal generated 
by 7, and we need to show that the kernel of the pullback Ac pI)<TpGL — » 
A.Cp[xTp GL (fj) is also the ideal generated by 7. 

Denote by R the image of ^c p «T PGLp in A c p x Mp = v\/(p^,PV); this 
is the subring generated by £ and the image of cr p , that is r? p — £ p_1 ??, by 
Lemma 16.61 

Take some u in the kernel of Ap ^ T — > ^ T „ (U). Since Tpgl„ 
has a fixed point in U, the pullback A^ pGL — ► A?p pGL (J7) is an isomorphism; 
hence u is contained in the kernel of the restriction Aj^ -, T — > A^p 

OpKlpGLp r pGLp 

This kernel is the ideal £Ac pKTpGL ' which is a vector space over the field 

F p , with a basis consisting of the elements £Vp, with i > and j > 0. The 
homomorphism Aq pIkTpgl — ► Aq pX/x sends £Vp into £ l (r? p — £ p The 
two elements £ and r/ p — £ p_1 ry are algebraically independent in A GpX/x , so 
the ideal £Aq xt pgl m &P isomorphically onto the ideal £R. Hence it is 
enough to show that u maps into the ideal jR. But u maps into the ideal 
7A£. pX/x , because by hypothesis maps into in A£ x/x (W \ {0}), so we 
will be done once we have shown that "yR = R n 7 A.Q pXfl . 
For this purpose, consider the diagram 

R> ► A c p x Mp 



Vp[Z,ri p -tr 1 v]> >Vp[Z,ri] 

where the horizontal arrows are inclusions and the vertical arrows are iso- 
morphisms in positive degree. It suffices to prove that 

but this follows from the fact that the extension F p [£, rf — £ p_1 ?7] Q F p [£, 77] 
is faithfully flat, since it is a finite extension of regular rings. 

This concludes the proof of the Lemma. 4k 

The Lemma applies to the case W = D p and W = s\ p . In the first case 
this is straightforward; in the second one it follows from Lemma 15. II 4* 

11. The classes p and j3 
In this section we construct the classes p G ApQ 1 ^ and /3 G HpGL p • 

Proposition 11.1. There exists a unique torsion class p G ^PGL P ' whose 
image in Aq^ x ^ equals r = £f?(£ p_1 — rf^ 1 ). 

Furthermore we have fP~ x = c p 2_ 1 (s[ p ) G A PGL . 
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Proof. Uniqueness is obvious from Proposition 19.41 

Let us construct a p-torsion element ~p G Ag + * TpGL that maps to r in 

A* 

A C p Xfj, p - 

Consider the element —£<f>(& p ) = S,c p (V) G ^c^kT PG l ' ^ Lemma fo.6l 
its restriction to AJ. pX/x is r. It is p-torsion, because ^ is p-torsion; hence it 
maps to in A^ pQL . Since the torsion part of Ap pXM injects into A^ pXM , 
and the image of £c p (V) in A.q Xfl is invariant under F* x F p , it follows 
that £,c p (V) is also invariant under F* x F p . 

By Proposition 18.11 there exists a p-torsion class p G Ag^~ xTpGL whose 
image in A^ pX ^ is r. By Proposition HU.ll there exists a p-torsion element 
p G ApQL p whose image in Ag + KTpGL has the form p + c p -\(D p )a for a 
certain class a G A§ pKTpG ^. 

The image of p in (Aq pXm ) SL2 ( Fp ) = 7,[q,r] must be an integer multiple 

ar of r, for reasons of degree. The image of c p _i(-D p ) is — £ p_1 ; hence by 
mapping into Aq pX/x we get an equality 

ar = r -e~ 1 heA* CpXllii , 

where h G Aq XfJb is the image of a. From this equality it follows easily 
that a is 1 and h is 0, and therefore p maps to r. 

To check that pP -1 = c p 2_ 1 (sl J) ), observe that both members of the equal- 
ity are when restricted to Tpgl p ; hence, by Proposition l9.4| it is enough to 

show that the restriction of c p 2„ 1 (sl p ) = c p 2_ 1 (gl p ) to Aq ^ equals r p_1 ; 
and this follows from Lemma 15.71 4k 



Corollary 11.2. The restriction homomorphism Ap GLp — > (A.c pXfJi ) 
is surjective. 



SL 2 (F P ) 



Proof. The ring (Aq XM ^ SL2 ( f p) j s generated by q and r. The class — c p 2_ p (s( p ) 
restricts to q, by Lemma I5~7l while p restricts to r. 4 

Remark 11.3. The class p gives a new invariant for sheaves of Azumaya 
algebras of prime degree. Let A be a scheme of finite type over k, and 
let A be a sheaf of Azumaya algebras of degree p. This corresponds to a 
PGL p -torsor E — > X; and according to a result of Totaro (see |Tot99j and 
|EG97j ). we can associate to the class p G A P q^ p an d the PGL p -torsor E a 

class <j)(A) G A P+1 (A) (where by A* (A) we mean the bivariant ring of X, 
see |Ful98j ). Since by definition A is the vector bundle associated with E 
and the representation g[ p of PGL p , we have the relation 

p(AY- l = c p ._ x {A)£^-\x)- 
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Remark 11.4. The class p depends on the choice of the primitive p th root 
of 1 that we have denoted by u. If we substitute for u, then the new 
class p is ip. 

For the class (3, one possibility it to obtain it as the Brauer class of the 
canonical PGL p -principal bundle, as explained in the Introduction. Another 
possibility is to define it via a transgression homomorphism, as follows. 
There is a well known Hochshild-Serre spectral sequence 

from which we get an exact sequence 

tj2 tt2 tt3 , tt3 n. 

GL P > n G m > M PGL P > TpGLp _ U ' 

and Hg m is the infinite cyclic group generated by the first Chern class t of 
the identity character G m = G m , while H GLp is the cyclic group generated 
by the first Chern class of the determinant GL p = G m , whose image in Hg m 
is pt. Hence Hp GL?3 is the cyclic group of order p generated by the image of 
t. We define (3 6 HpGL p to this image. 

The odd dimensional cohomology HpQ L maps to in Ht P q L > hence, 
according to Proposition l9.41 maps injectively into H CpX/i ■ By the results of 
Section |2J we have that HQ pXfJi is isomorphic to Z/pZ, hence the restriction 
homomorphism H PGLp — * H CpX/x is an isomorphism; and the image of (3 
generated H CpX/x . From Proposition 15. we obtain the following. 



Corollary 11.5. The restriction homomorphism HpQ Lp — ► (H C?)X/X ) 
is surjective. 



SL 2 (F P ) 



12. The splitting 



In this section we prove Theorem 13.21 
Consider the embeddings 



/V > TpQLp 



C p x n p (- y S p k 

which induce a diagram of restriction homomorphisms 



A S P xT PGLp > (A TpGL J Sp 
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Lemma 12.1. The induced homomorphism 

M A s P xT PGLp - A CpX% ) _> ker((A^ GL J^ -> A^) 
is surjective. 

Proof. We will prove surjectivity in two steps; first we will show that the 
map is surjective when tensored with 7*[l/p], then that is surjective when 
tensored with Z[l/(p — 1)!]. 

For the first case, notice that A CpX/x <g)Z[l/p] is in positive degree, while 
in degree there is nothing to prove; so what we are really trying to show 
is that A^ KTpGLp ®Z[l/p] -» (At PGLj) ) Sp ® Z[l/p] is surjective. 

Consider the subgroup S p _i C S p of the Weyl group of PGL p , consisting 
of permutations of {1, . . . ,p} leaving p fixed. 

Lemma 12.2. The restriction homomorphism A-s p _ 1 txT PGL ~ * ( A t pgl ) Sp_1 
is surjective. 

Proof. There is an isomorphism Tql p _i — Tpgl p > defined by 

(t\, . . . , t p -i) i ^ (ti, . . . , tp-i, 1) 

that is Sp_i-equivariant, and therefore induces an isomorphism of the semi- 
direct product Sp_i x TpQLp with the normalizer S p _i x Tgl p _i of the max- 
imal torus in GL p _i. Hence it is enough to show that A Sjj _ ikTgl — > 

(A^ ql ) s p-! is surjective; but the composite 

is an isomorphism, and this proves what we want. 6 

Take an element u G (A^ PGL ) Sp ; according to the Lemma above, there is 
some v £ AS _. T such that resl p 1 PGLp v = u. Consider the element 

... dof f S p _ixT PGLp .* 

to compute its restriction to A^ pGL we use Mackey's formula (Proposi- 
tion^^. The double quotient Tpgl p \S p x Tpgl p /S p ~i x Tpgl p has p el- 
ement, and we may take C p as a set of representatives. Then the formula 
gives us that the restriction of w to A^ pQL is 



ES p _i kT pgl 
s resrp p v = pu. 

sec p 



If we invert p, this shows that u is in the image of Ag KTpGL > an d completes 
the proof of the first step. 
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For the second step, take some u £ L. According to Proposition 17.11 (jgj 
there exists v in the kernel of the restriction homomorphism A CplKTpGL — ► 
A-CpXfj, wnose restriction to A^ pGL is u. Consider the element 

dcf , r C p KTpGL D 

W = tSto „rp ^ V. 

I claim that w is in K. In fact the restriction of w to A^ pGL is (p—l)\v = —v, 
and thefore further restricting it to C p x Tpql p sends it to 0. 

The double quotient T PGLp \S p X T PGLp /S p _i x T PGLp has (p - 1)! ele- 
ments, and a set of representatives is given by S p _i. Hence according to 
Mackey's formula we have that the restriction of w to A^ pGL is 

sres TpGL " v = (p — ly.u 

seSp_i 

and this completes the second step in the proof of Lemma 112.11 4 
Similarly, there is a diagram of restriction homomorphisms 



A* 
PGLp 



A* i. A* 

Lemma 12.3. The homomorphism 

ker(A PGLp -> A* CpX J — ker ( ( A^ pGLp ) S " - A^) 
induced by restriction is an isomorphism. 

Proof. Injectivity follows from Proposition 19.41 

As in the previous case, we show surjectivity first after inverting p, and 
then after inverting (p — 1)!. 

As before, we have A CpX/x g)Z[l/p] = Z[l/p], so we only need to check 

that A PGLp <g>Z[l/p] (At pgl ) Sp 8> Z[l/p] is surjective. This follows from 
Lemma Il2. II and from Corollary 19.61 

Now we invert (p — 1)!. Choose an element 

u e ker((A^ pGLp ) Sp - A*J ® Z[l/(p - 1)!]; 

by Lemma ll2.11 we can choose 

u' e ker(A^ KTpGLp - A CpXMp ) ® Z[l/(p - 1)!] 
mapping to u in A^ pGL . By Proposition llU.ll we can write 

v! = v + Cp-x(D p )w, 
where u is in A PGLp <g>Z[l/(p - 1)!] and w is in A£ pKTpGLp <g>Z[l/(p - 1)!]. 
The image of c p (D p ) in Arp pGL is 0, because T PG l p acts trivially on Dp', so 
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the image of v in Ap pGL equals u. But there is no reason why v should map 
to in v „ . 

Let us denote by v and w the images of v and w respectively in 

A CpXMp ®Z[l/(p - 1)!] = Z[l/(p - W); 

the restriction of c p -\(D p ) equals — £ p_1 , so we have v — ^ p ~ 1 w = 0. On the 
other hand v is contained in 

(A Cp x Mp ) SL2(Fp) ® Z[l/(p- 1)!] = Z[l/(p- l)!][g,r]/(pg,pr); 

since v is contained in the ideal of Z[l/(p — 1)!][£, v\/(p£iPV) generated by 
£, and the images of g and r in 

Z[l/(p - = Z[l/(p - l)!]M/(p»7) 

2 

are ?y p _p and 0, we see that v is a multiple of r; hence we can write v = 
rcj)(q,r), where <f> is a polynomial with coefficients in Z[l/(p — 1)!]. Set 

v' = v - / O0(-Cp2_ p ,p); 

then v' restricts to in A CpX/i , and its image in A TpGL equals the image 
of v, which is u, because p maps to 0. 

This concludes the proof of Lemma Il2, 31 A 

Set K = ker(A PGLp - A* CpX J and L = ker((A* TpG J Sp - Ajj. The 
induced homomorphism K — > L is an isomorphism, according to Lemma fl2J-{l 

Consider the subring Z®LC ( A^ pGL ) Sp ; Proposition 17.11 (jej) gives us a 
copy Z © if of it inside A PGL?) . To finish the proof of Theorem 13.21 we need 
to extend this splitting to all of (At pgl ) Sp ■ According to Proposition I3.1[ 

we have that ( Ap pGL ) Sp is generated as an algebra over Z © L by the single 
element 5. We need to find a lifting for 5; this is provided by the following 
lemma. 

2 

Lemma 12.4. The restriction of c p 2_ p (sl p ) G A PGL?) to Ap p ~ p equals 5. 

Proof. We use the notation in the beginning of Section 0J The representa- 
tions sip and qL = sl p © k of PGL p have the same Chern classes. If V = k n 
is the standard representation of GL p , then g[ p = V © V w has total Chern 
class 

ct(Qi p ) =Y[(l + t(xi - Xj )) =Yl(l+t(x i -x j )) 

in A^ ; but A%< C A^ , so the thesis follows. 4 

Set 5± = c p 2_p(5(p) G A PGLj) . We consider the subring (Z © of 
A PGLp ; to finish the proof of the theorem we have left to show that it maps 

injectively into {Z®L)[5\ = (A^ pGL ) Sp . 
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Let us take a homogeneous element x G (Z © ) [<5i] that maps to in 
(A^ PGL ) Sp ; according to Proposition 19.41 to check that it is it is enough 
to prove that it restricts to into A GpXAt . Write 

x = a + a\5\ + a 2 5f + a 3 5f H . 

The en of positive degree are in K, and therefore map to in A CpX/x by 
definition; so there can be at most one term that does not map to zero, and 
that has to be of the form h6f, where h is an integer. However, the restriction 
of x to = Z[ry]/(pry) is zero, and since 5± restricts to a nonzero multiple 

of rj p2 ~ p we see that h must be divisible by p. This proves that h6f also 
restricts to in A GpX/x , and completes the proof of the theorem. 

Remark 12.5. The splitting (A TpGL ) p -> A PGLp that we have con- 
structed is not compatible with the splitting (A TpGL ) Cp — > A CpKTpGL 
constructed in Section UJ in the sense that the diagram 

( A TpglJ SP ► A PGL P 



( A T PGLv ) ° P > A C P xT PGLp . 



where the rows are the splittings and the columns are restrictions, does not 
commute. 



13. The proofs of the main Theorems 
Let us prove Theorem 13.31 

First of all, let us check that p generates A PGLp as an algebra over 
(A^ pGL ) Sp . Take a homogeneous element a £ A PGL . The image of 

^ S 

5 G (At pgl ) P m ApGLp * s c p 2 -p( s W' k v construction; and this maps to 
— q in A c?3></1 , by Lemma 15771 So there is a polynomial <j>{x, y) with integer 
coefficients such that a — <f>{5, p) is in the kernel of the restriction homo- 
morphism A PGLp — ► A CpX/x ; but this kernel is in the image of (A^ pGL ) p , 
again by construction; and this shows that A PGLp is generated by p as an 

algebra over (A TpGL ) Sp . 

The relations given in the statement are satisfied. We have pp = by 

S 

construction. Furthermore, by construction the splitting (A?r PGL ) p — > 
A pgl p sen ds the kernel of the homomorphism (A^ pQL ) Sp — > A^ into the 
kernel of A PGLp -» A* CpX ^; hence, if u € ker((A TpGi J Sp -» A PGLp ) we 
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have that up £ A GpX/i goes to in Ap pGL , because p is torsion, and to 
A.c p x/i . Hence up = 0, because of Proposition 19.41 

Let x be an indeterminate, I the ideal in the polynomial algebra 

( A T PGLp ) Sp N 

generated by px and by the polynomials ux, where u is in the kernel of the 
restriction homomorphism (Ap pGL ) Sp —* ; we need to show that the 

homomorphism (Ap pGL ) Sp [x]/I — ► A PGLp that sends x to p is an isomor- 
phism. Pick a polynomial <p £ (Ap pGL ) Sp [x] such that (f)(5) = in A PGLp . 
After modifying it by an element of I, we may assume that is of the form 
a + ip(5, p), where a is in the the kernel of (Ap pGL ) Sp — > A^ , while tp is 
a polynomial in two variables with coefficients in ¥ p . Since the images of 5 
and p in A-Q p x fj, ' t licit are q and r, are linearly independent in Fp[£, 77], we 

see that tp must be 0. Hence a = in A PGLp ; but since (Ap pGL ) Sp injects 
inside A PGLp , we have that (f>(x) = 0, as we want. 

Next we prove Theorem I3.4I We start by proving Corollary 13. 51 that says 
that the cycle homomorphism A PGLp — ► Hp^;^ is an isomorphism. 

Call K and L, respectively, the kernels of the restriction homomorphisms 
A PGLp - (A CpX/Xp ) SL2(Fp) and H P ^ Lp - (K^/^ '; we have a com- 
mutative diagram 

► K > A PGLp (A* CpXfl f L ^ — ► 

> L > Hf^ y (B^f L2(¥p) ► 

with exact rows. The right hand column is an isomorphism, because of 
Propositions 15.41 and 15. lfll The group L injects into 

K( h t PGLp ) Sp - R k) = ker (( A W Sp - k p )> 

because of Proposition l9.4l on the other hand the restriction homomorphism 

K-^ker((A^ pGLp ) S ^ A y 

is an isomorphism, because of Lemma 112.31 This proves that K — » L is an 
isomorphism, and this proves Corollary 13.51 

To show that p and generate H PGLp as an algebra over (A^ pGL ) Sp , 
take a homogeneous element a G A PGL?) . The element p generates HpQL p > 
because of Theorem 13.31 and the fact above. 

If a is a homogeneous element of odd degree in H PGLp , its image in H G ^ M 
can be written in the form cj)(q,r)s, where eft is an integral polynomial, by 
Proposition 15. lfll Then a — 4>(—5,p)(3 maps to in Hq^^ . On the other 
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hand H PGL injects into H c , by Proposition 19.41 and this completes the 
proof that p and j3 generated. 

To prove that the given relations generated the ideal of relations is straight- 
forward, and left to the reader. 

Finally, let us prove Theorem 111 HI 

Since the homomorphisms Ap GLp (%>Gj —* Ag Lp ®Q and Ap GLp ®Q — * 
Ag Lp (g)Q are isomorphisms, the ranks of Ap GLp and H PGLp equal the ranks 
of Ac T and Hot . The ranks of the iR>n are when i is odd; while for 
any m > the rank of A pGL ~ Hp GLp equal the number of monomials of 

degree m in o"2, . . . , cr p . Such a monomial a d2 ■ ■ -p dp can be identified with 
a partition (2 d2 . . .p dp ) of m, so this rank is the numbero of partitions of m 
with numbers between 2 and p. 

On the other hand it follows from Theorem 111. SI that the torsion part of 
ApcLp ^ s a vec t or space over the field F p , with a basis given by the elements 
5 l p J , where i > and j > 0. Similarly, from Corollary 13.51 we see that the 
same elements form a basis for Hp^j^, while HpQ L is an F p -vector space 
with a basis formed by the elements 5 % p 3 f3, where i > and j > 0. 

The theorem follows easily from these facts. 



14. On the ring (A^ pGLp ) Sp 



If T is a torus, we denote by T the group of characters T — > G m . We have 
a homomorphism of T into the additive group A^ that sends each character 
into its first Chern class: and this induced an isomorphism of the symmetric 
algebra Sym z T with Ay. 

In this section we study the ring of invariants (A TpGL ) p . It is convenient 

to view (A TpQL ) Sp as a subring of (A Tql ) Sp ; this last ring is generated by 
the symmetric functions a\, . . . , a p of the first Chern characters x\, . . . , x p 
of the projections T G l p — > G m . 

If we tensor (A TpGL ) Sp with Z[l/p], then we get a polynomial ring; and 
it is easy to exhibit generators. The homomorphism of groups of characters 

TpGLp — ► TsLp 

induced by the projection Tsl p — ► Tp G L p is injective, with cokernel Z/pZ; 
hence it becomes an isomorphism when tensored with Z[l/p]. Hence 

( a t PGLp ) Sp a nm — (^T S j Sp a z[i/ P ] 

is an isomorphism. 

According to Lemma E2J the ring (A TgL ) Sp is a quotient 

( A T GLp ) S V(^i) = ZWh Op]/(^i) = Z[r 2 , . . . ,r p ], 
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where we have denoted by T{ the image of o~j in A^ gL . One way to produce 

elements of ( Ax PGL ) Sp is to write down explicitly the elements correspond- 
ing to the <7j in the isomorphism 

{A* TpGL f p 0Z[l/p}^Z[l/p][a 2l ...,a p ] 

and then clear the denominators. 
The composite 

a t PGLp ®z[i/p]< ► A^ GLp ®z[i/ P ] > A* TsLp ®Z[l/p] 

Z[l/p] [Xl, . . . , Xp] > Z[l/p] [xi, . . . , X p ]/(<Tl) 

is an isomorphism, and the inverse Z[l/p][x\, . . . ,x p ]/(ai) — > A^ pGL <g)Z[l/p] 
is obtained by sending Xj to Xj — |o~i. We need to compute the image of the 
cifc in Ap GLp <g)Z[l/p] C Z[l/p][<7i, . . . , <t p ], and this is given by the following 
formula (the one giving the Chern classes of the tensor product of a vector 
bundle and a line bundle). 

Lemma 14.1. If t is an indeterminate, we have 

)t l (Jk-i 

(p — k + 2\ 
2 jt 2 Vk-2 

in Z[xi, . . . , x p , t], /or k = 0, . . . , p. 

Proof. This follows by comparing terms of degree k in the equality 



J2(l + t) i a p - i = f[(l + t + x i ) 

i=i 
p 

y~Vj(xi +<, . . . ,x p +t). 



i=0 i=l 

p 



i=0 



If we subtitute — |o"i for t we obtain the images of the Tfc in (Ax PGL ) P <8> 

Z[l/p]; we denote them by 7JJ.. In order to get elements of (A^ pGL ) Sp , we 

can clear the denominators in the 7^; by a straightforward calculation we 
can check that 

Ik = P k ' l l' k 
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for k = 2, . . . , p — 1, while 

p-2 

= ^(-l)V p -V p _ l ai + (p-lK. 

i=l 

From the discussion above we get that (A^ pGL y p ® Z[l/p] is a poly- 
nomial ring over Z[l/p] over 72, . . . , 7p . However, the 7 j cannot generate 
(A^ pGL ) Sp integrally, because all of them are in the kernel of the homomor- 

phism (A^ pGLp ) Sp - A^, while 5 G (A^J,) S * is not. 

When p = 3 the situation is simple. The following result was proved by 
Vezzosi. 

Theorem 14.2 f |VezOOI Lemma 3.2]). 

( A t PGL3 ) S3 = %2, 73, 5]/(27* - 4 7 f - tI) • 

Proof. What follows is essentially the argument given in the proof of Lemma 3.2 
in |VezOO| . We have 

72 = 3(72 - o\ 

and 

73 = 27cJ3-9o-icJ2 + 2o-f. 

Let us express 5 as a rational polynomial in 72 and 73. This is most easily 
done after projecting into 

A T SLp = ^[x 1 ,x 2 ,x 3 ]/(a 1 ) 

since we know that A^ pGL injects inside A^ gL . Since 5 is the opposite of the 

classical discriminant Yli<i<j<3(. x i ~~ x i) 2 > the image of 5 in Z[x\, X2, x^\/{ai) 
equals + 27cr|. The images of 72 and 73 in Z[xi, X2, x 3 ]/{a\) are 3a"2 and 
27cj3; hence we get the formula 

275 = 4 7 | + 7 | 

showing that the relation in the statement of the theorem holds. 

We will show that if </> £ (A^ pGL ) S3 C Z [01, 02, 03] is such that 30 is 
in Z [72,73,0], then is also in Z [72, 73,0]. This implies that Z [72, 73,0] = 
(A^. pGL ) Ss , because we know that 72 and 73 generate (A^ pGL ) Ss (g>Z[l/3], 

hence if <fi G (At pgl ) 3 then 3"^ 6 Z [72, 73,0] for sufficiently large n, and 
we can proceed by descending induction on n. 
Write 

30 = p(72,73,<5) GZ[0!,0 2 ,0] C (A^ pGL3 ) S3 ; 
for an integral polynomial p. The image of p( 7 2, 73, 5) in the polynomial ring 
I r 3[o'i,02,o'3] is 0; the images of 72, 73 and 5 in F 3 [cri, 02, 03] are -of, —erf 
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and o"! respectively; and the ideal of relations between these three polyno- 
mials is generated by (— (T2) 3 + (— o" 3 ) 2 , which is the image in F3 [01, 02, 03] 
of 

4 7 3 + 7! = 275. 

Hence there are two integral polynomials q and r such that we can write 

30 = p(a 2 ,a 3 ,5) 

= 3q(a 2 ,a 3 ,5) + 275 ■ r(a 2 ,a 3 ,5). 

Dividing by 3 we see that 4> ls m ^[°2, 0"3> <5] Q (At pgl ) S3 ' an< ^ * ms con ~ 
eludes the proof that 72, 73 and 5 generate. 
Consider the surjective ring homomorphism 

that sends Xi to 7^ and y to 5; call I its kernel. We know that 

(27y - 4x 3 - x|) C /. 
After tensoring with Z[l/3], both rings 

Z[x 2 ,x 3 ,y}/(27y- 4x 3 2 -x 2 3 ) and (A^) 33 

become polynomial rings Z[l/3][x 2 , x 3 ]; hence, if / G I, some multiple 3™/ 
is in (27y — 4x\ — But this implies that / is in (27y — 4x| — x^) because 
3 is a prime in the unique factorization domain Z[x 2 ,x 3 ,y] and does not 
divide 27y — 4x| — ^3, so 

(27y - 4x 3 - x 2 3 ) = I, 
as claimed. 4 

From this, Theorem 13.71 follows easily. 

As p grows, the calculations become very complicated very quickly. The 
obvious generalization of the result above, that (A^ pGL ) Sp is generated by 
the 7i and 5, fails badly. When p is larger than 3, it is not hard to see that 
they fail to generate already in degree 4. When p = 5 the ring (A^ pGL ) Ss 
has 9 generators, in degrees 2, 3, 4, 5, 6, 7, 9, 12 and 20; with some pain, it 
is possible to write them down explicitly. The generators in degree 2 and 3 
are 72 and 73. With more work it shoud also be possible to find the relations 
among them. 

There are other approaches to calculations other than the one given here 
for p = 3; but none of them seem to give a lot of information in the general 
case. 
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